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1. Introduction

To date, nano-scaled beam-like structures like nanowires have great potential applications in solar cells [ 1-3], lithium-ion
batteries [4,5], nanoelectronic devices [6,7] including nanocircuits [8,9], and transistors [10,11]. For the case of using these
nanodevices in high-speed carriers due to their high precision or when these tiny elements are subjected to movement due to
externally applied forces, we should be aware of their vibrations and mechanical instabilities in the moving state. Given these
potential applications and existing scientific gaps in the literature, herein, the author eagerly attempts to examine transverse
vibrations and dynamic instabilities of moving nanoscaled-rested nanobeams using surface energetic beam models as a
fundamental problem. Actually, this work could be considered as an essential step to encounter big challenges in the
mechanical analysis of traveling double-nanobeam-systems or even ensembles of vertically aligned nanowires which are
pivotal elements of the upcoming advanced technologies of the nano-electro-mechanical systems.

By decreasing the size of structures, the ratio of the surface area to the bulk volume increases, and thereby, the effect
of surface energy on mechanical response becomes highlighted. One of the most popular elasticity-based theories in the
modeling of the surface effect is that developed by Gurtin-Murdoch [ 12-14]. This theory explains that each solid continuum
consists of two major parts: (i) surface layer with a negligible thickness, and (ii) its underlying bulk whose mechanical
properties are different from those of the surface layer. The bulk is tightly bonded to the surface layer such that a perfect bond
exists between them. It means that the displacement and stress fields of both surface layer and bulk are continuous at the
interface. By assuming an isotropic surface layer, the strains within that are linked to the stresses via three surface constants,
namely residual surface stress (7p) and two Lamé’s parameters (Ao and ). These factors are commonly determined by
comparing the predicted results by the surface elasticity-based theory and those obtained from an appropriate atomic

E-mail address: k_kiani@kntu.ac.ir.

https://doi.org/10.1016/j.camwa.2019.01.008
0898-1221/© 2019 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.camwa.2019.01.008
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.camwa.2019.01.008&domain=pdf
mailto:k_kiani@kntu.ac.ir
https://doi.org/10.1016/j.camwa.2019.01.008

K. Kiani / Computers and Mathematics with Applications 77 (2019) 2764-2785 2765

model [15,16].In view of the above-mentioned continuities at the interface and by expressing the equations of motion for the
surface layer and the bulk, these relations could be readily combined for rod-like, beam-like, and plate-like nanostructures.
The main reason for this fact for the first ones is that the longitudinal strains in both surface layer and bulk are identical.
Moreover, the reason for the latter two continuum-based nanostructures is that the transverse deflections do not vary across
the thickness. As the beam-like nanostructure starts to move, not only the elastic strain energy of the surface layer, but also
its kinetic energy contributes to the total potential energy of the moving nanostructure. The last contribution could play a
critical role in dynamics and potential instability of the moving elastic nano-body which is attributed to the reduction of its
lateral stiffness due to the centrifugal inertial effect. This matter has not been paid attention to by the scientific community
until now. To bridge this gap, we employ Hamilton’s principle by taking into account the potential energy of the surface
layer accounting for both flexural and shear effects, and after that, the equations of motion of axially moving beam-like
nanostructures are derived. The given studies and explorations in this article are associated with those that move along their
major axis, however, this work could be generalized to the case of spatially moving nanostructures with three components
of velocity.

At the atomic level, vibrations of each atom could influence the vibrations of its nearby atoms. Such a fact could not be
tackled by the classical elasticity theory (CET) since it displays that the state of stress at each point only depends on the
state of stress of that point. To overcome this shortcoming of the CET as well as considering nonlocality in field analysis
at the nanoscale, nonlocal continuum theory was developed by Eringen [17,18]. Until now, a simple version of this theory
(i.e., differential version) has been widely adopted by many researchers for vibrational scrutinies of nanobeams [19-21].
Further, an integral-based version (i.e., stress-driven formulation) has been of focus of attention for mechanical analysis of
solids at small scales [22-27].

Up to now, the role of the surface energy on various aspects of mechanical behavior of nanoscaled beam-like structures
has been investigated and displayed in the context of the surface elasticity theory (SET) of Gurtin-Murdoch [12-14]. For
example, statics [28-31], linear vibrations [32-39], nonlinear vibrations [40-45], buckling [46-49], and postbuckling [50-52]
of beam-like nanostructures accounting for the surface energy have been studied. A brief survey of the literature reveals that
both linear and nonlinear transverse vibrations of moving macro-scaled beams have been examined [53-64]. Concerning the
dynamic analysis of moving nanoscaled tubes and nanobeams, there exist several works on transverse vibrations [65-67]
via nonlocal elasticity theory of Eringen. As it is seen, linear vibrations of elastic nanobeams with surface effect have not
been explored yet. Further, the influence of the surface and shear deformation effects as well as their combinations on the
mechanical response of moving nanostructures has not been displayed yet. In view of these scientific gaps and given the
importance of the subject, the author has been encouraged to develop several inclusive models for axially moving beam-
like-rested nanostructures accounting for both surface and shear effects.

Herein, free transverse vibrations of axially moving nanobeams are going to be studied in the context of the SET of
Gurtin-Murdoch. By exploiting Rayleigh beam model (RBM), Timoshenko beam model (TBM), and higher-order beam model
(HOBM), the equations of motion associated with the transverse vibration of the moving beam-like nanostructure are derived
accounting for the surface energy by employing Hamilton’s principle. By implementing the assumed mode method (AMM),
the partial differential equations of motion of the suggested models are discretized in the spatial domain of the nanobeam.
The resulted eigenvalue relations are solved for natural frequencies to determine the stable and unstable regions. The
divergence and flutter instabilities are discussed and their corresponding velocities are evaluated both analytically and
numerically. The influential factors on these crucial states are explained. Subsequently, the influence of surface and shear
strain energies, nanobeam’s length, and pretensioning force on the dominant flexural frequencies is explained for a wide
range of the nanobeam’s velocity.

2. Description of the nanomechanical problem

Consider an axially traveling beam-like nanostructure which is acted upon by a pretensioning force Ty at its end, and
rested on an elastic foundation (see Fig. 1). The nanobeam of concern is a uniformly circular solid structure of length [, and
its diameter is Dy. The elastically rested nanobeam is traveling with a constant velocity v,. The interactions of the nano-
scaled beam and the foundation have been modeled via continuous lateral and rotational springs of constants K; and K,
respectively. In the following, vibrations and dynamic instabilities of such a nanosystem, with emphasis on its transverse
motion, are going to be examined using well-known surface energy-based beam theories.

3. Application of the surface energy-based RBM
3.1. Constitutive relations of the bulk and the surface layer

The RBM is mainly constructed based on this hypothesis that the perpendicular plane to the neutral axis remains
plane after deformation. By excluding the longitudinal displacement of the neutral axis, the longitudinal and transverse

o R
displacement fields of the nanobeam could be expressed by: uf(x,y,z, t) = —zdwTﬁc’"”, uR(x,y,z,t) = wh(x, t), where z
is the distance from the neutral axis, 9 is the partial symbol, t is the time parameter, and w® = wR(x, t) represents the

deflection field of both bulk and surface layer. Throughout this article, the parameters with the superscripts R, T, and H in
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Fig. 1. A continuum-based representation of an axially moving nanoscaled beam rested on an elastic foundation.

P 9 R
order are associated with the RBM, TBM, and HOBM. In the framework of the small strains (i.e., eﬁ =1 (di + ! )) the

2 EX]' X;
only non-vanishing strain of both bulk and surface layer is the longitudinal one which is stated by: 6 =—z 9;“’R
Using the surface elasticity theory of Gurtin-Murdoch [12-14], the only stresses within the surface layer are given by:
R 5 ouf 5 2wk R dwR ’
T = T0 + (Ao + MO)W—’L’O—(AO-F Ho) 25 )s T =Mt - (1)

where n = nye + n,e; is the unit normal vector to the surface layer, Ao and 1o are the Lamé’s constants of the surface layer,
and 7o is the residual stress within the surface layer under unrestrained conditions. The requirement of equilibrium of the
surface layer at the farthest distance from the neutral axis reads [ 14,68]:

T D?uf~ Do
T +o, = S Z=——,
Tz %= TP 2 2
azuR,+ D2 R + DO
0 —%— —opt = po L Z=4
0x2 th
where py is the density of the surface layer, 2 o¢ 1s the material derivative, uk= =uf(x,y,z = -2, t)and ul*+ = uf(x,y,z =
%, t). By assuming this fact that the transverse normal stress of the bulk (o® ) would llnearly vary between its corresponding
surface values at the bottom and the top [69], namely of = (o&2* +0%7) /2 + z (68 + — 0% ) /Dy, and through using
Eq. (2), it is obtainable:
R 2z 32wk 32wk 42 2wk 2 2wk (3)
o, = — | T — —_— v, v .
27 py [P P\ o T axae T o

Additionally, the longitudinal normal stress within the bulk is stated by: 0)5( = Ebefx + vp crz’i. By substituting longitudinal
strain—deflection relation and Eq. (3) to the recent relation, the longitudinal stress—deflection in moving surface energetic
nanobeams takes the following form:

2upTo 2wk 2upp0 [ *wh 92wk 92wk
R 2
=z —E - 2 . 4
T [( Do b) x> Do \ a2 T axar TV e *

3.2. The governing equations using the surface energetic RBM

The kinetic energy (TR) as well as the elastic strain energy of the rested-moving nanobeam (U®) in which modeled based
on the surface energy-based RBM are written as:

Ren 1 Duf\*  /DuR\’ 1 Duf\*  /DuR\’
T(t)_z/;2|:pb<<Dt> +<Dt> d9+§/Apo (Dt) +<Dt) daA, (5a)

1 1 Iy 9 R\ 2
Ufy= = / oper A2 + = / ek dat s [ (To+mSo) () dx
2 A 2 Jo 0x

1 lp 2 8wR2
— K (wk K [ — dx,
L (e () ) @

where S = . s n2ds, £2 denotes the whole bulk domain of the moving nanobeam, A represents the surface layer domain,
d$2 and d A are infinitesimal volume and area of the bulk and the surface layer, respectively, and for the problem at hand, the

first material derivative is given by: 2 = 21 4y, 9L By substituting Egs. (1), (4), and the longitudinal strain expression
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into Eqs. (5a) and (5b), the more detailed statements of kinetic and elastic strain energy of the moving nanostructure in
terms of deformation fields are derived as:

TR(¢) /'b (ono 4+ poso) (25 &, 20" 2+( ool (225 4 83 Y dx (6a)
= v ’
A PpAp T P00 PT: X ox Pole T Polo) | =aar T Vx5
2vpTo 2wk 2upp0 [ 0%wh 2wk 2 32wk 32wk
L | (=2 —E - 2
oo 1 b ] [( Do b) a2 Do \az Taxar T o )| e T
UR(t) = = RN D2 dx. (6b)
w w
Io (Ao + f0) <a 2) + K (wF)’ + (K + 1080 + To) ( o )

Using Hamilton's principle and Egs. (6a) and (6b), the equation of motion which describes transverse vibration of the axially
moving nanobeam on the basis of the surface energetic RBM would take the following form:

32wk 32wk , 2wk 200vplp
(obAb + p0S0) | =5 + 22— +v; — | — | vl + polo — D X

at? axot ax2 o
4wk 4wk ) 4wk R 2wk
——— + 20y—— 4+ v + K w" — (K + 1S
<8t28x2 “ax3or | X ax? ) ‘ ®r +70%0) @)
(Bl + (ho + 2000 2vpToly \ 0wk
blb 0 Ho) lo Do I
To facilitate studying the problem at hand, the following dimensionless parameters are considered:
R X Epl ! & T _x Kb} & K
A LN W N AL R G
Iy Iy 12 oo A1y /Ap Eplp Eplp Eply (8)
R P0So  r Pl 2wpo (ot 2uo)o  2wTo g ToSols
XM= X2= "7 —FHF _»X3= - > Xa = s
PbAp oblb Dopp Eply DoEy Eply
hence, the dimensionless governing equation of an axially moving nanobeam based on the RBM is obtained as:
— 2wk
T {(1 )t =2 (1) S }+
9)
R 4wl R SR =R 92wl
(1+ %) ST (x4 +Kr+T0) = + K = 0.

—R 2 2 2r7 . . :
where Y [.] = aar[i] + 28R grg; + (ABRY? 335[2‘] is a dimensionless operator.

It is very difficult, if impossible, to find an analytical solution to Eq. (9). To overcome this difficulty, a Galerkin-based AMM
is suggested in the next part.

3.3. Spatial discretization using Galerkin-based AMM

Let,

NM
=Y Bl EwW(r), (10)
i=1

where NM is the number of modes, ¢;°(£) is the ith mode shape, and wf(r) is the time-dependent parameter. Let us multiply
both sides of Eq. (9) by 8w¥, 8 is the variational symbol, taking the integral in the dimensionless spatial domain (i.e., [0,1]),
and then, using the integration by parts technique, it is obtainable:

9

[M ]wwd wR + [C ]wu' dw" + [KR] Wt = 0, (11)

where

__Rww 1 waw B d(plw d¢w
[Mb]ﬁ =/0 ((1+xf)¢i ¢ + 272 (14 x5) 0 ﬁ) dé, (12a)

__Rww 1 do” d3¢)
R _ R yw R () R ]
[Cb]. —/0 2).8°¢; ((1+X1)dg 22 (14 x35) i )ds, (12b)

y
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d2¢iw dpv —r =&\ doV de¢® _i o
e[ 0F) G e + (1 +K4T0) d @ TR
[l b]ij :fo 5 d2¢v diov dg, (12¢)
+(6°) o ((1+xf) @ () d€1>
W) = @), Wh(z), ..., Wy (). (12d)

4. Application of the surface energy-based TBM
4.1. Constitutive relations of the bulk and the surface layer

The chief privilege of the TBM over the RBM is in considering the shear effect. In the context of the TBM, the deflection and
angle of rotation are essentially two distinct fields and such a consideration would let us incorporate the shear deformation
effect into the formulations of the problem. Basically, Timoshenko [70] constructed his beam theory based on the following
deformation fields: ul(x,y, z,t) = —z07(x, t) and ul(x, y, z, t) = w'(x, t) in which 87 denotes the angle of rotation about
the y axis. By assuming small deflections, the non-vanishing components of the strains of both bulk and the surface layer
would be:

067 dw’
IXZ_ZW’ VXZZW—QT (13)

Using surface elasticity theory of Gurtin—-Murdoch [12-14], the longitudinal normal stress and the shear stress of the
surface layer are expressed by:

oul 207 dw’
Tl = 10+ (Ao + 210) a—; =19 — (Ao + 210) ZW’ = nz‘L’oW. (14)
On the other hand, the equations of motion of the bottom and the top surface layers in the transverse direction are provided
by:

92ul-~ T D*ul- Dg

T +o, = y Z=——,

0 ok z TP 2 (15)
Pult L D*ul-* Do

T -0, = Lz =4—,

0% % TP Tpn 2

by assuming a linear variation of the normal stress along the z-direction within the bulk across the nanobeam’s thickness, it
is derived:

T 2z 2w’ 92w’ 42 2w’ 42 92w’ (16)
0, =— |t — —_— v v .
2=y [P o “oxat |t ox2
Thereby, the longitudinal normal stress of the bulk (UXTX) could be evaluated by:
30T 2u, 2w 2w 2w’ 2w’
T _p T T _ 2
O = Ev€yy +vh0, =2 {_Ebﬁ + Dy [ro oz P ( TS + 2y o + v PG >“ , (17)
and the only shear stress within the bulk is given by:
dw’
o, = ks Gp <8x - eT) , (18)

where k; is the shear correction factor.
4.2. The governing equations using the surface energetic TBM

The kinetic energy (TT) and the elastic strain energy (UT) of the elastically confined moving nanobeam accounting for the
surface energy are stated by:

1 puT\* /Dul\’ 1 pu™\* /Dul\’
TI(t) = = X z de + - X z dA, 19a
© 2/9[“’<<m) +<Dt> +2/A”° (m) *(m) 1o
1 1
u'(t) = 3 /;}(axaefx—i—ofzyxg) dQ—i—i /JA(TXZEIX+T)Z;VXE) dA+

1 Iy P T\ 2 1 Iy
3 f (To + 10So) (Ti) dx + 5 / (Kt (w1)2 + K, (91)2) dx,
0 0

(19b)
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by substituting Eqgs. (13), (14), (17) and (18) into Eqs. (19a) and (19b), the kinetic and elastic strain energy of the axially
moving nanobeam in terms of its deformation fields are stated by:

ow’ aw\’
1 | (0bAb + P0So) +u——] +
d

ot 3
() = * X, (20a)
36T 36T
(ovlp + polo) ( + vx— )
ax
I E 307 N 2vp 2w 2w 42 2w’ 42 2w’
—Ep—+— |05 — v v X
P\ x T \P o T P\ o “Brox % ox2
1 (b ] 807 dwT z 36T\ ?
U = 1 / 00 Gos (22— 67 1o o+ o) () + dx. (20b)
2 Jo ox ax ax
8wT 2 T 2 T 2
(To + 7050) e + K (') +K (67)

By employing the Hamilton’s principle, the surface energetic transverse equations of motion of the moving nanostructure
on the basis of the TBM are obtained as:

oy + polo) 3207 o 3207 y ,0%07 2uplpp0 ( 3wT L) BwT N , 3w’
v — v v

poly =+ polo) { 5 20 o Ui Do \atzax ooz T axe 1)

2uplpte w7 dw’ T 829 T

D 9 — ksGpAp ox 0" ) — (Eply + (Mo +2u0) o) —= + k0" =0,

o
32wl 32w’ , 0w’

A S — 4+ 20—

(opAb + Po o)( oz T2 i ) o1h)
2w’ 967 aZwT

_kSGbAb W — K (T() + TOSO) + I<t =0.

By considering the following dimensionless quantities,

L G Epl v
wrzwi’QngT’r— b , N = be’ﬂT: X s
lb lb ksGbAblb [ ksGp
Pb

— KB K = T, S I 22
KT: tb, :: r ,T(T): 0 ,XlT:,O007XZT:Poo, (22)
ksGpAp ksGpAp ksGpAp ObAp oblp

A= 2vpp0 7 2wplhTo 1 (o+2po)!l 7050
I=

pDo” " T kGomZDy T kG2 T " T kGoAy’

one can arrive at the dimensionless equations of motion of the axially moving nanobeam with surface energy:

. . oW —T 33 —T
TT{A_2(1+X2T)9T—A2 el }+ _

X3 X4
0 93
§ d (23a)
(n+ )829 G L W
N Xs e o€ 7 =0,
P2w’ 90 —r 2w’ g
—T T —T
T {(+xN)w }_<352 % —(To—i—xs)a—sz—i-l([w —0, (23b)
where the dimensionless operator in Egs. (23a) and (23b) is defined by:
— 92 B 92[.
TT[_] — 7[2] 5 J 27[2]. (24)
T ot 85 o0&

4.3. Spatial discretization using Galerkin-based AMM

Let us consider:

NM
Z«p (E)BI(0). B (5.1)=)_ ${(£)0; (7). (25)
i=1
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where ¢;” and ¢? are the mode shapes associated with the deflection and the angle of deflection, respectively, and E,T and

giT are their corresponding time-dependent factors. By premultiplying both sides of Egs. (23a) and (23b) by 89" and sw',and
then integrating over [0,1], through taking the necessary integration by parts, one can arrive at the following second-order
ordinary differential equations:

d?e’ de’

r —T 660 —T ow —T 66 —T Ow RN

M,] (M) ] a? |, [[cb] Ch } dz

—T W —T wWw 2—T —T W —T ww —T

[[M,] (M, ] d'w [C,]  [G] aw’
dr2 dr (26)

—[RZ]QQ [Kz]é)w] {@T} _ 0}
1 wo _T ww — - s
® o) w10

where the non-vanishing submatrices are as:

o6 ! -2 T 0 460
[Mb]j :/0 272 (14 50 o 9 de, (272)
—T Ow _ 2 T ¢9 w
I:Mb:lij —fo SERCIFTa (27b)
P ww 1
[M[]U :fo (14 x7) o g dé, (27¢)
_1706 o ¢0 2740
<], =/0 278 (14 26) ¢ g d.
_r70w d2¢jw

ww 1
[EZ]U- :/0 26" (14 17) " c%dg (279)
100 1 _r ¢9 d¢9 ,BT 2 d2¢9
] = (<1+Kr)¢f¢f+(n+)<5) g ) (7) o 5 | (27g)
170w _ 1 9d¢jw Td¢16 dzqﬁjw IBT 2 ¢
] = (—<,~d§+x4 )+ () ) e (27h)
_rwé _ 1 d(plw o .
[Kb]ij _—/0 a6 (27i)
—T W ! - dd)w ¢w d2¢w w .
[KZL =/o ((1+x§+T£) a0 (B") o1 o +K P9y ) de, (27))
©'(7) = (01(2). O3(T). . ... Oppy (T, (27K)
W (t) = @ (), Wa(T), ..., Wiy (T)T. (271)

5. Application of the surface energy-based HOBM
5.1. Constitutive relations of the bulk and the surface layer

As it is seen, the TBM provides a more rational model with respect to the RBM to include shear deformation in the
formulations. However, the TBM would not guarantee zero shear stress at the bottom and top surfaces of the nanobeam.
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For more accurate estimation of shear effect, Bickford [71] and Reddy [72,73] proposed a HOBM to conquer this drawback
of the TBM. In the context of this HOBM, the displacement fields of both bulk and surface layer are expressed by:

H
lix,y,z,t) = — [(Z —az’) YH(x, t)+ ocz3aaix(x, t)] , Wx,y,z,0) = wh(x, o), (28)

where @ = 4/(3D3), " = yH(x, t) is the angle of rotation field about the y axis, and w" = w#(x, t) is the transverse
displacement along the z axis. Thereby, the non-vanishing shear strains are as:

gt a?wH owt
6;:( = — [(Z — C(Z3) % +C¥Z3 92 } , )/XI-ZI = (] — 30[22) <W — wH) . (29)

The only surface stresses on the basis of the surface elasticity theory of the Gurtin-Murdoch [ 12-14] are given as follows:

H
T =19 — (o + 210) |:(z — az3) % + az3a;Z}2Hj| , T = le‘lfoaalx' (30)
The requirement of equilibrium of the bottom and the top surface layer in the transverse direction yields:
a2ull— D*ult— D
A Ry o
T D?ufl-* Do
0 e 0% =P pp o P
whereul'= =ufl(x,y,z = =22, ), ull* =ull(x,y,z = D—O ol =ol(x,y,z= —% t),andod+ =ol(x,y,z = Dz—", t).

If o within the bulk varies l1nearly between those correspondmg values at the bottom and top, in view of Egs. (31)(a) and
(31)(b), it is readily obtainable:

2z 92wH Zwh 2wt 92wH
H 2
= — | 7 — + 2v +v . 32
%2 = D, ( 0 ax2 p"( at2 Totax % ox? )) (32)

By virtue of ofl = E,efl + v, ol through exploiting Eqgs. (29) and (32), the longitudinal stress within the bulk of the axially
moving nanobeam is stated by:

9 H 82 H
ol = —E [(z —az’) % +az’ 8)12 } +
33
va , aZwH aZwH s aZwH N 282wH ( )
- T — V. 1) s
Do o T\ o “atax T axe
and in view of the given shear strains in Eq. (29), the only shear stress of the bulk is evaluated as follows:
dw
ag=(1—3az)cb(——¢> (34)

5.2. The governing equations using the surface energetic HOBM

The kinetic energy (T") and the elastic strain energy of the axially moving nanobeam (U") modeled according to the
HOBM are evaluated as:

1 pu'\* /Duf\* puf\* /Duf\’

TH(t) = = X de X z dA, 35
=3 [n((5) + (50) ) o3 fm((5) +(5) ) o oo
H 1 H_H H_H 1

Uiy = = | (omen+oave) d2+ = | (then + tave) dA+

2 Ja 2 Ja
1 Iy a H\ 2 1 Iy
— | T+ S0) <l> dx—i—f/ (K ()" + K ()7 dx,
2 Jo ax 2 Jo
by introducing Eqgs. (30), (33), and (34) to Egs. (35a) and (35b),
82 H aZwH 2 wH awH
I I I I
(0+0)<8t8 e ) +(2+2)< TR 8x> +
1 b Ho g2,H guH
T = = / 2y (YD LW l” dx, (36a)
2 )y [« U+ T+ rax T ax2

wH 8.(pH 8wH Bsz
_2“(1““:)( o ) o +3 atox 4o 8x 4+ 02

(35b)
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e ( H) < ™ >
I Y+ +Q I
uh = 1 / T dx+ - / / (T*XGX"Jr) dsdx, (36b)
0 S

2 H\2 H dwHh\ Hy
K (w ) +K: (W ) + (To + 7050) 8 xzVxz

where
My =~ |:Uz —as) % + s 8;;Hi| + 2;[;& (fo 822)2” — Po (E);?;H + ZUX% + Ufiif)) ; (373)
Pl = — [(]4 — afs) % + ajs 8;;{1] + 2‘[))214 (To 82;0: — Po <a;:;H + ZUX% + Ufii;)) , (37b)
o =« (8;’;:1 _ IpH> ’ (37¢)
and

K:f Gy (1—3az?) dA, I;n:/ zZ™dA, I;*:/zmds; m=2,4,
Ap Ap S

]n=[ Epz" dA, In=/ ppZ"dA, I,f{:/poz”ds; n=20,2,4,6.
Ap Ap s

By exploiting Hamilton’s principle, the transverse equations of motion of the moving nanostructure modeled by the higher-
order beam are derived as:

(38)

aZwH 32wH aZle
(L+15) =20 (s +1;) + o* (Is + 7)) ( 52 + 2u, i + v} P ) +
3wt 3wh 33wt

2 * * 2
(oo 1) = ex (hs 1) <3t28x T2 T o ) " %)

oMy opft ath u
- - — | z=2ds - K y" =0,

X T ax +Q /5 X ad

N 32wt , 02wt
(o + )\ G + 20y T g )T
83,¢,H 33¢H 831ﬂ'H

Iy — ol 2 2 39b
(el — M) <8t28x TG TV e ) (39b)

aQ)  a’pY 9 32 H
0, 0P, and5+(ro+roso) 2 4kt =o0.

ox 0x2 s 0x

To study vibrations of moving nanobeams in a more general framework via HOBM, we consider the following dimensionless

quantities:
H H 2
—H v —H w —H y —H H ]5 2 aly — a‘lg
= —,w =—, 1[/ = = , T = =,
Ib lb y 1# Wz z lz » V1 101;2,
2 12 —a? Iy — a2l
@l 5, klp 5 dla—efs aly —a‘ls
Vo =7 = = » Vo =

T L — 2ol + o2’
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9 «lol} s (b —2a)s+ ), (afs — a¥Js)lol2
YT = 2als + a?le)a?s’ T (l — 20ls + o2l 0 T (I — 2als + o2lg)as
B = o K = g e T =
a‘Js (I = 2als + a?ls)a?)s o?Jg
; Iik _ 20{12{ + ozzlg y ozI:{ _ otzlg _ vaPO (1/ 14/1)
T, oal + a2l 2T aly — 01216 : (40)
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o= P T T 2+ o
. pSo kA o 2wl
X = Io e = oa?Jg ~ aJsDo

By introducing Egs. (30), (37a)—(37c) to Egs. (39a) and (39b), in view of Eq. (40), the dimensionless equations of motion that
display transverse vibrations of surface energetic moving nanobeams on the basis of the HOBM are obtained as follows:

. . afH 837H
ey 7 g ) S g ) B

9§
BZEH ; (41a)
w —H—H
() 5 - (e -9 ) R =
M Put oy »2wt oy
{(1+Xs”) e 552 = 5 } sz( T
(41b)
—H *w" sy T
—(To+xé*) 2e2 +vi TS +(1=x7) 75 +K, w" =0,
where
—H 9%[.] y 021 w2 021
= — - 42
T 012 +2p dT0E (%) 0g2 " (42)
5.3. Spatial discretization using Galerkin-based AMM
Let
NM "
Z¢> o), .0 =Y ol €W (), (43)
i=1

by premultiplying both sides of Eqs. (41a) and (41b) by SEH and sw", respectively, and integrating over [0, 1] through taking
the required integration by parts, it is derived:

r—H Yy —H Yw @ —H VY —H Yw ﬁ

My M) } dz? +[[cb] Y } =

—] w PR ww 2* —] w —] ww —— |

A R N I I B oS N o N B L
dr? dr (44)

(& [KH]W:| {q/”} B 0}
wy ww — = s
" oy W e

where,
1
0] = [ b o oy e (452)
i 0
—_yvw _ 1 v d)]w
(0] = [t ot e (45)

(45¢)

W] = [ A
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6. Results and discussion

Consider amoving silver [001] nanobeam with the following properties [32,74]: E, = 76 GPa, v, = 0.26, p, = 10 500 kg/m>,
po = 1077 kg/m?, o + 2o = 1.22 N/m, and 75 = 0.89 N/m. We are interested in examining free vibration of such a
nanostructure in moving state as well as explaining the interactional role of the velocity and the surface energy on its natural
frequencies and stability.

In the following parts, a detailed scrutiny is provided to discuss on the roles of influential factors on the dynamic instability
of the nanostructure and the divergence velocity. Via two methods, the divergence velocity of the nanostructure is evaluated
and the capabilities of the suggested approaches are explained. Subsequently, the stable and unstable zones based on the
proposed surface-energy-based models are revealed. More specifically, the effects of the velocity, length, and surface energy
on the free dynamic response of the moving nanobeam are discussed. Further, the crucial roles of shear strain energy and
surface effect on the obtained results are displayed in some detail.
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6.1. Initiation of divergence instability

By increasing the axial velocity of the moving nanobeam, the natural frequencies of the nanostructure would generally
lessen. At certain levels of velocities, which are called divergence ones, the frequencies would vanish, and instability would
be generated within the moving nanobeam. By passing the velocity at the divergence level, the imaginary part of the
frequency becomes negative and any cause of lateral displacement will cause divergence instability at which the amplitude
of transverse displacement would magnify exponentially with time until resulting in structural failure. Therefore, a more
accurate prediction of divergence velocities of various modes would be of great importance. In the following part, two
methods are displayed to calculate such crucial parameters.

6.1.1. Analytical solution (AS)
Let us assume a harmonic form for time-dependent vectors of vibration modes of the suggested surface energetic models
as in the following form:

Try=op e, W'(r)=W, ™" [] =R, T, H, (46)

W[‘](f) — W([)'] eiwr’ o)
where @ is the dimensionless frequency, W([)‘], 65, and Eg are the dimensionless amplitude vectors, and i = +/—1. By
introducing Eq. (46) to Eqs. (11), (26), and (44), considering @ = 0 as the onset of the divergence instability, and neglecting
the stiffness interactions of each pair of modes, it is obtainable:

—R ww .
[K,l. Wj =0, (47a)
r —T 66 —T Ow o

Kyl (Kl @gi _]o

—T1 wo —T ww —T - of: (47b)
LKy ] (Kl Woi

r—H VYV —H Yw —
[Kg]n’v/ [KI;]H :| {‘I’Igt} — {0} (47¢)
i g ] we ) 1O

The requirement of the existence of a nontrivial solution to Egs. (47a)-(47c) is that the determinant of the coefficient matrices
associated with the amplitude vectors should be zero. Hence, by solving the following eigenvalue relations for 8, the explicit
expressions of dimensionless divergence velocities of the moving nanobeam based on the surface energetic models could
be readily evaluated. Without loss of generality, we restrict our attention to the simply supported case. For this purpose, the
following admissible mode shapes could be considered for all suggested models in this work:

v = sin(in§), ¢! = cos(in), ¢! = cos(in&). (48)

Therefore, the dimensionless divergence velocities of the mth flexural mode of the moving nanostructure based on the RBM,
TBM, and HOBM are easily calculated as follows:

4 R 2 R —R —R —R
s (mm)* (1+ x§) + (mm) (x4 +T +Kr) +K; , (49a)
m 22 (mm)? (14 xF) + mm)* (14 x4)

2
(ﬂd)T _ by, — (b;) — 4ajch (49b)
m \ 2al ’
2
" 2aft '

where al, b, and ¢! are given in Appendix A, and the dimensionless divergence velocities by the surface-energetic TBM
. . . . . . R
and HOBM are stated in terms of dimensionless divergence velocity of the RBM (i.e., (8;)") as:

. E, . . lb [IEy , .
0 = = [ Gy
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It is worth mentioning that for very slender moving nanobeams, the rotary inertia effect could be safely ignored. In such a
case, Eq. (49a) would be reduced to that predicted by the surface-energetic Euler-Bernoulli beam theory, namely:

(mm)* (1+ xF) + (m)> (X}f +Th+ E’f) +K;

(51)
A2 (mm)? (14 x¥)

(B3)" =

Both Euler-Bernoulli and Rayleigh beam models could not capture the shear divergence velocities due to their drawbacks in
considering the shear strain energy. Nevertheless, the dimensionless divergence velocities of the mth mode of shear using
the TBM and HOBM are calculated as:

(B%)., = QA (52a)
™/ sh 2a], '

b+ \/ (blh)” — 4alic

\ 2]

(B = (520)

6.1.2. Numerical solution (NS)

The main assumption in calculating the analytical divergence velocities of the previous part was to provoke the modes’
interactions. To obtain more reasonable results as well as to check the accuracy of the analytical’s results, a simple approach
is developed. Actually, we are interested in establishing the eigenvalue relations using the Galerkin-based mass, damping,
and stiffness matrices for the proposed models. Given Egs. (11), (26), and (44), the onset of divergence instability is specified
by @ = 0. Therefore, the following static eigenvalue relations are obtained for the suggested models:

[R};]ww Wg _ 0, (533)
|:[l(;]99 [K;]gw] {eg} B {0} (53b)
—T1 wl —T_ww =T |10("
K1 K1 (W
[[K’J]W [KZ]W} {W’J } _ {0} (530
—H Wy —H _ww —H( 0"
i1 1 (W

The non-trivial solutions would exist to Eq. (53) if and only if the determinant of the coefficients matrices associated with
the constant vectors would be zero. Hence,

det ([ﬁﬁ] - ((;fS")R)2 [Rb"m]"”“> —0, (54a)

RT 60 RT Ow 2 RT 66 RT Ow
det ({[ bS] 0 [ bS]ww:| - ((:Bd)T) {[ bm]w9 [ bm]ww}) = 0, (54b)

i K] 1" K]

—H ¥V —H _Yw —H V¥ —H Yw
det <|:[Kbs]w¢ [K%]wwi| - ((ﬁd)H>2 |:[Kbm]w1[/ [Kgm]wwi|) = ()7 (54(:)
K.l (K] K" K

where (ﬂd)T = /l:%b (ﬂd)R and (ﬁd)H =k % (ﬁd)R, and the dimensionless stiffness submatrices associated with the

stationary and purely moving modes of the moving nanobeam are provided in Appendix B.

6.1.3. A comparison study
Consider a simply supported moving silver nanobeam whose length and radius in order are 50 nm and 4 nm. The predicted
dimensionless divergence velocities pertinent to the first five modes by the proposed methodologies in Section 6.1.1 and

6.1.2 have been presented in Table 1. The divergence velocity of the ith flexural vibration mode is expressed by vfi = \//E;z ﬂid .
To apply the suggested numerical method, we set NM = 10 to all proposed models. A brief survey of the obtained results
shows that there exists a reasonably good agreement between the predicted results by the AS and those of the NS for all
suggested models. In the case of RBM, the predicted results by the AS are coincident with those of the NS. The main reason
for this fact is that both dimensionless stiffness submatrices associated with the stationary and purely moving modes are
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Table 1
Comparison of the predicted first five divergent velocities by the analytical approach and those of the AMM
via the surface-energetic RBM, TBM, and HOBM.

Model ~ Method B¢ B B4 Bl B

RBM AS? 0.16318502 030193315 042479675 052700037  0.60916885
NsP 0.16318502 030193315 042479675 052700037  0.60916885

TBM AS 0.15857566  0.27282791 035503531  0.41211002  0.45223247
NS 0.15856484  0.27276725 035489504  0.41187989  0.45191375

HOBM  AS 0.15809812  0.27009140 034965465  0.40498016  0.44463583
NS 0.15834401  0.27137381 035228927  0.39908384  0.40856257

2Analytical solution.
PNumerical solution.
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Fig. 2. Variation of the critical divergence velocity in terms of: (a) NW’s length, (b) NW’s radius, (c) dimensionless transverse stiffness, (d) residual
surface stress, (e) dimensionless pretensioning force, (f) dimensionless rotational stiffness; (I, = 20 nm, ro = 4 nm, K = K[lgo/(Eblb)' Ty = To/(EpAp),
K = K: 2y /(Eply), lo = 100 nm, (...) RBM, (— — —) TBM, (—) HOBM).

diagonal. For the moving nanostructure modeled based on the TBM and HOBM, the relative discrepancies between the
divergence velocities by the AS and those of the NS would grow as the mode number increases. Such relative discrepancies
are limited to 0.07 and 8.8 percent for the TBM and HOBM, respectively.

6.1.4. Influential factors on stability of moving nanobeams

Fig. 2(a)-(f) display the plots of dimensionless critical divergence velocity as a function of nanobeam’s length, nanobeam’s
radius, residual surface stress, pretensioning force, and transverse and rotational stiffness of the surrounding medium. The
plots pertinent to the RBM, TBM, and HOBM are specified by dotted, dashed, and solid lines, respectively. As it is obvious
from the demonstrated results, all proposed models predict that the critical divergence velocity of the moving nanobeam
would reduce by increasing the nanobeam’s length. However, an increase of the nanobeam'’s radius, transverse or rotational
stiffness of the surrounding elastic medium, pretensioning force, or residual surface stress (with a positive sign) would lead
to growing of the critical divergence velocity; thereby, the stability of the moving nanostructure would increase by growing
such parameters. Concerning the role of the shear deformation on the divergence velocity, the obtained results show that
the predicted critical divergence velocities by the TBM and HOBM are lower than those obtained by the RBM since the
flexural stiffness of the moving nanobeam by the RBM is commonly overestimated due to not considering the shear strain
energy in its formulations. A close scrutiny of the plotted results reveals that the relative discrepancies between the predicted
divergence velocity by the RBM and those of the TBM or HOBM would lessen as the nanobeam’s length, residual surface stress,
pretensioning force, or transverse stiffness of the surrounding medium increases. Nevertheless, such discrepancies would
magnify as nanobeam’s radius or rotational stiffness of the surrounding medium increases. Another interesting investigation
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Fig. 3. Plots of flexural frequencies of an axially moving nanoscaled beam as a function of the dimensionless velocity for RBM, TBM, and HOBM: (a) w-gF,
(b) I(w) > 0, (c) N(w) =0, (d) R(w) > 0; ((---) RBM, (---) TBM, (---) HOBM; I, = 50 nm, Dy = 8 nm, NM = 6). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

is to determine the stable and unstable regions under various conditions. As it is seen in Fig. 2(a)-(f), the regions under the
plotted results present dynamically stable zones. In other words, the moving nanobeam would be surely stable for velocities
lower than the critical divergence velocity. However, for velocities higher than the critical one, the moving nanostructure
would be unstable. Actually, for such velocities, any cause of lateral motion would result in large dynamic deflections and
stresses within the nanostructure. The suggested theories could not display these critical phenomena in the context of small
deflections.

As it will be displayed in the upcoming parts, it cannot be exactly mentioned that the moving nanobeam would be unstable
for all velocities beyond the critical divergence velocities. In fact, there also exist small velocity intervals (i.e., for velocities
between that of the end of divergence instability zone and the flutter velocity) at which the supersonic moving nanostructure
would be stable.

6.2. More details on free dynamic response of moving nanobeams

The transverse vibrations of moving nanobeams are highly influenced by the signs of the imaginary part and real part of
the flexural frequencies (i.e., J(w) and N(w)). Generally, for the nonzero real part, three cases would occur: (i) the imaginary
part is zero: the moving nanostructure would be stable and it vibrates harmonically; (ii) the imaginary part is negative:
flutter instability takes place and the amplitudes of dynamic deflections would grow exponentially as the time goes by;
(iii) the imaginary part is positive: the moving nanostructure would be stable, and any dynamic deformation is damped
with time. For frequencies whose real part is zero, two cases are possible: (i) the imaginary part is negative: the moving
nanobeam arrives at divergence instability; (ii) the imaginary part is positive: any cause of deformation within the moving
nanobeam would decrease exponentially as time passes, and thereby, the nanostructure would be stable. In the following
parts, the real and imaginary parts of the flexural frequencies that correspond to the dominant vibration modes are extracted
and plotted in terms of velocity according to the RBM, TBM, and HOBM.

In Fig. 3(a), the plots of real and imaginary parts of the flexural frequencies of the axially moving nanobeam in terms of
dimensionless velocity have been provided for the suggested models. The real part of frequencies of the RBM, TBM, and HOBM
has been specified by the dotted black, green, and blue colors, respectively, while their imaginary parts in order have been
provided with the same color by the dotted circle, dotted square, and dotted triangle signs. For more convenience in dynamic
analysis of the moving nanostructure, the plots of frequencies with positive imaginary part have been extracted from those in
Fig. 3(a) and re-plotted as a function of dimensionless velocity in Fig. 3(b). These plots present the imaginary part of flexural
frequencies of dynamically stable modes. It should be noted that the moving nanobeam would be stable for a given velocity
if its stability would not be endangered in all vibration modes for that velocity. In this regard, the plots of the imaginary part
of frequencies when their real parts are zero, as well as the plots of real and imaginary parts of frequencies with positive
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Fig. 4. Plots of real and imaginary parts of the predicted flexural frequencies by the HOBM as a function of the dimensionless velocity with and without
considering the surface effect; ((.. o ..) CET, (..[]..) SET; I, = 60 nm, Dy = 8 nm, NM =8, Ty = K, = K, =0).

real parts and negative imaginary parts, have been demonstrated in Fig. 3(c) and (d). Actually, the plotted results in Fig. 3(c)
show the divergence modes on the basis of the RBM, TBM, and HOBM. As it obvious, the critical divergence velocities of
the moving nanobeam accounting for the surface effect in order are 0.1354/Ey/0p, 0.1324/Ey/ pp, and 0.1314/E,/ pp using
the RBM, TBM, and HOBM. Further, a close scrutiny of the demonstrated results indicates that the RBM, TBM, and HOBM
predict that the first and the second divergence velocity intervals would be ([0.135,0.248]+/E}/ 0»,[0.351,0.446]/Ey/ pop),
(10.132,0.231]+/Ep/ 0,[0.308,0.368]+/E, / pp), and ([0.131,0.228]+/Ey/ p»,]0.303,0.360]/Ep/ pop ), respectively. In Fig. 3(d), the
plots with negative value for the imaginary parts of the flexural frequencies represent the flutter modes. For such frequencies,
any small lateral deflection yields large dynamic deflection and if such a deflection could not be appropriately damped,
this matter would result in high stresses which lead to the collapse of the moving nanostructure. According to the
RBM, TBM, and HOBM, the critical flutter velocities in order are approximately equal to 0.254./Ey/pp, 0.235+/E}/ pb,
and 0.233.,/E,/ pp. Additionally, the first two velocity intervals associated with the flutter instability via the RBM, TBM,
and HOBM are identified as: ([0.254,0.351]+/Ep/ 0,[0.377,0.446]/E / o), ([0.235,0.308]+/Ep/ 0,[0.322,0.368]+/E / pp), and
([0.233,0.304]+/Ep/ 0b,[0.312,0.360]+/E / pp), respectively. As it is seen, the predicted results by the TBM are close to those
of the HOBM since these two theories include shear strain energy in evaluation of transverse stiffness of the moving
nanostructure. Due to this fact, the predicted divergence and flutter velocities by the TBM and HOBM are commonly lower
than those of the RBM. It implies that the RBM overestimates both divergence and flutter velocities with respect to the TBM
and HOBM.

6.3. Influence of the surface energy

A pivotal study is performed to investigate the influence of the surface effect on the free dynamic response of the moving
nanobeam. For this purpose, the predicted first five flexural frequencies by the HOBM for a moving nanobeam with [, = 60 nm
and Dy = 8 nm have been plotted in Fig. 4. The results have been demonstrated for two cases: with and without consideration
of the surface energy whose results in order are identified by the dotted-square markers and dotted-circle markers. For a
particular value of the velocity, the predicted flexural frequencies (i.e., the real part) would increase by considering the
surface effect. It is mainly related to the positive incorporation of both residual surface stress and surface elastic modulus
(i.e., 7o and Ag + 2ug) of the silver nanobeam [001] into the transverse stiffness according to the proposed surface energetic
models. As it is obvious, the influence of the surface energy on the variation of the fundamental frequency is more apparent
with respect to that of other vibration modes. Actually, as the mode number increases, the effect of surface energy on the free
vibration behavior of the nanostructure would reduce. Furthermore, by increasing the velocity of the moving nanobeam, the
role of the velocity on the fundamental frequency becomes highlighted such that the maximum influence is observed at the
critical divergence velocity. This matter is mainly ascertained to the very low level of the transverse stiffness of the traveling
nanobeam at velocities near to the divergence speeds. In such circumstances, any cause of strengthening the lateral stiffness
like the surface effect would result in a significant impact on the free dynamic response of the moving nanobeam.
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Fig. 5. Plots of real and imaginary parts of the predicted flexural frequencies by the HOBM as a function of dimensionless velocity for different levels of the
nanobeam’s length; ((.. © ..) I, = 23 nm, ( )Yl =26nm,(_ A )l =29nm; Dy =8 nm NM =8,Tp =K; =K, =0).

Concerning the effect of the surface energy on the instability of the moving nanobeam, the plotted imaginary part of
flexural frequencies as a function of dimensionless velocity reveals that the divergence instability would be initiated as the
axial velocity reaches 0.102+/E,/ pp and 0.1154/Ep/ pp based on the classical elasticity theory (CET) and the surface elasticity
theory (SET), respectively. Further, the proposed HOBM predicts that the moving nanobeam would be dynamically unstable
for velocities within the intervals [0.102, 0.193]+/Ey/pp and [0.115, 0.199]4/Ey/pp on the basis of the CET and the SET,
respectively. In fact, these represent the first divergence interval of velocities with and without considering the surface
effect. Thereafter, a close scrutiny of the plotted results indicates that the moving nanobeam would be dynamically stable at
a very narrow interval of velocities [0.193, 0.196]+/Ey/ pp» and [0.199, 0.203]./E,/ pp using the CET and SET, respectively. By
passing the first flutter velocities (i.e., 0.1964/Ey/ pp, 0.2034/E} / p ), the flutter instability occurs, and the moving nanobeam
would not be stable any more and any cause of lateral motion will develop large deflections and stresses within the moving
nanobeam until it would collapse. More investigations reveal that as long as the velocity of the moving nanobeam would be in
the ranges of [0.196, 0.265]+/Ey/ pp and [0.203, 0.2685]+/Ey/ o, in order on the basis of the CET and SET, the flutter instability
could take place. Additionally, the corresponding velocities to the onset of the second divergence instability (i.e., second
divergence velocities) are 0.2665+/E},/pp via the CET-based HOBM and 0.2695./Ep/ o via the SET-based HOBM, and the
second flutter velocities associated with these models in order are 0.277./E,/pp and 0.28054/E},/ pp. All these numerical
examples prove that the surface energy would help the stability of the moving silver nanobeam.

6.4. Influence of the length of nanobeams

Determination of the role of the nanobeam’s length on its free vibration behavior is also of high interest. Using surface
energy-based HOBM, the predicted first five frequencies of the moving nanobeam as a function of velocity have been
demonstrated in Fig. 5 for three levels of the nanobeam’s length (i.e., I, = 23, 26, and 29 nm). The plotted results are given
for the case of Dy = 8 nm and Ty = K; = K, = 0. Irrespective of the velocity level of the moving nanobeam, the frequencies
would reduce by increasing the length of the nanobeam. Such a reduction is more apparent at the velocities close to the
critical divergence velocity. For all considered values of the nanobeam’s length, an increase of the axial velocity leads to a
reduction of flexural frequencies of the moving nanobeam. Again, the variation of the velocity in the neighborhood of the
critical divergence velocity has the most influence on the variation of the flexural frequencies.

As it is obvious from the plotted results, the critical divergence velocity would reduce by growing the length of the
moving nanobeam. For example, the velocity intervals associated with the divergence instability for I, = 23, 26, and 29 nm
in order are [0.243, 0.375]+/Ep/pp, [0.222, 0.352]+/Ep/ pp, and [0.204, 0.331]+/Ey/ pp- The first flutter velocities of these
lengths are approximately equal to 0.37534/Ey/ p», 0.3529+/Ey / p», and 0.3325/E} / pp, respectively. Thereby, for nanobeams
with [, = 23, 26, and 29 nm, the axially moving nanostructure would be dynamically stable for velocities in the intervals
[0.375, 0.3753]+/Ey/ pb, [0.352, 0.3529]+/Ep/ pp, and [0.331, 0.3325]+/Ep/ pp. As it is obvious, the bandwidth of such stable
velocity intervals would reduce as the length of the nanobeam decreases. The obtained results confirm this fact that both
divergence and flutter velocities would reduce by increasing the nanobeam’s length.
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Fig. 6. Plots of real and imaginary parts of the predicted flexural frequencies by the HOBM as a function of the dimensionless velocity for various values of
pretensioning force; ((.. © ,.)T’; =0,( )T§ =10,(_A.) Tﬁ =20; I, = 40 nm, Dy = 8 nm, NM = 6, K; = K, = 0).

6.5. Influence of the pretensioning force

We are also interested in the role of pretensioning force on the free dynamic response of the moving nanobeam. To this
end, the plotted results of absolute values of real and imaginary parts of the first four flexural frequencies as a function of

dimensionless velocity have been provided for three levels of the pretensioning force (i.e., Ts =0, 10, and 20). The results
have been extracted using HOBM for a fairly stocky nanobeam with I, = 40 nm and Dy = 8 nm. As it is evident from the
demonstrated results, the flexural frequency of each vibration mode would increase as the pretensioning force increases.
By increasing the velocity of the moving nanobeam up to the divergence one, the influence of the pretensioning force on
the free dynamic response of the nanostructure becomes highlighted. It implies that at the velocities close to the divergence
velocity, the variation of the pretensioning force has the most influence on the internal stiffness as well as the flexural
frequencies of the moving nanobeam. Additionally, the role of pretensioning force on the frequencies would reduce as the
mode number increases. In other words, the pretensioning force has the most impact on the fundamental frequency of the
moving nanobeam. Generally, the variation of the velocity has more influence on the variation of flexural frequencies of the
moving nanobeam acted upon by higher pretensioning forces. Further, the frequencies of higher modes are more affected
by the variation of the velocity.

According to the plotted results in Fig. 6, the critical divergence velocity of the moving nanobeam would magnify by
increasing of the pretensioning force; however, the corresponding bandwidth of the velocity intervals of the divergence zone
would commonly reduce as the pretensioning force within the moving nanostructure increases. For instance, the velocity
intervals pertinent to the moving nanobeam with Tﬁ =0, 10, and 20 are [0.157, 0.269]+/Ep/ pp, [0.222, 0.311]/Ep/ pp, and,
[0.270, 0.346]+/E»/ pp, respectively. Additionally, the flutter velocities associated with these pretensioning forces in order
are 0.272+/Ey/ py, 0.314+/Ey,/ py, and 0.3514/E/ pp. In view of the given velocity intervals of divergence instability zone, it
could be readily found that the moving nanobeam with To = 0, 10, and 20 would be dynamically stable when it moves with
supersonic speeds in the narrow velocity intervals [0.269, 0.272]+/Ep/ oy, [0.311, 0.314]+/E},/ pb, and, [0.346, 0.351]+/E} / pb,
respectively. This brief survey also reveals this fact that the bandwidth of the velocity intervals corresponds to stable traveling
nanobeams after the divergence zones would commonly increase by growing of the pretensioning force.

7. Concluding remarks

Free vibrations and dynamic instability of axially moving nanobeams rested on an elastic bed were studied. In the
framework of the surface elasticity theory of Gurtin-Murdoch, the equations of motion were derived on the basis of the
RBM, TBM, and HOBM by employing Hamilton'’s principle. By exploiting the Galerkin-based AMM, the governing PDEs were
reduced to appropriate ODEs for each model. The eigenvalue problems were then solved for natural frequencies under
various levels of the nanobeam’s velocity. The important unstable regions of the moving nanostructure, namely divergence
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and flutter zones, were determined. Given the importance of the subject, the critical flexural and shear divergence velocities
of various modes were obtained both analytically and numerically. The capabilities of the suggested approximate analytical
method were checked by comparing its predicted results with those of the numerical approach, and a reasonably good
agreement was reported. The influence of the nanobeam’s length and diameter, lateral and rotational stiffness of the elastic
bed, residual surface stress, shear strain energy, and pretensioning force on the divergence velocities was displayed and
discussed. For a wide range of the velocity of the moving nanobeam, the roles of the surface energy, nanobeam’s length,
shear deformation, and pretensioning force on natural frequencies as well as divergence and flutter instability of the moving
nanostructure were also examined.

Appendix A. The values of a bE,,], c,,, ;[.J=TorH
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Appendix B. Stiffness submatrices pertinent to the stationary and purely moving modes of the moving nanobeam
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