
Computers and Mathematics with Applications 77 (2019) 2764–2785

Contents lists available at ScienceDirect

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

Divergence and flutter instabilities of nanobeams in moving
state accounting for surface and shear effects
Keivan Kiani
Department of Civil Engineering, K.N. Toosi University of Technology, P.O. Box 15875-4416, Valiasr Ave., Tehran, Iran

a r t i c l e i n f o

Article history:
Received 23 July 2018
Received in revised form 19 December 2018
Accepted 10 January 2019
Available online 4 February 2019

Keywords:
Moving beam-like nanostructures
Transverse vibration
Surface effect
Shear deformable beam models
Dynamic instability
Galerkin approach

a b s t r a c t

Transverse vibrations of elastically restedmoving beam-like nanostructures accounting for
surface effect are of high concern. The role of nonlocality on the free dynamic response
of moving nanobeams has been revealed in recent years; nevertheless, the influence of
the surface energy on the mechanical behavior of such elements has not been explained
yet. In this paper, equations of motion of rested nanoscaled beams in the moving state are
derived carefully via surface energetic-shear deformable beam models. Subsequently, the
transverse vibrations of the nanostructure are evaluated using Galerkin-based assumed
mode method. The explicit expressions of divergence velocities are obtained analytically,
and these are successfully verified with the results of a numerical approach. The roles of
crucial parameters on the first divergence velocity are addressed in some detail. Addition-
ally, the stable and unstable regions are determined systematically and the influence of
both surface energy and shear energy on the stability ofmoving nanostructure is discussed.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

To date, nano-scaled beam-like structures like nanowires have great potential applications in solar cells [1–3], lithium-ion
batteries [4,5], nanoelectronic devices [6,7] including nanocircuits [8,9], and transistors [10,11]. For the case of using these
nanodevices in high-speed carriers due to their high precision orwhen these tiny elements are subjected tomovement due to
externally applied forces, we should be aware of their vibrations andmechanical instabilities in themoving state. Given these
potential applications and existing scientific gaps in the literature, herein, the author eagerly attempts to examine transverse
vibrations and dynamic instabilities of moving nanoscaled-rested nanobeams using surface energetic beam models as a
fundamental problem. Actually, this work could be considered as an essential step to encounter big challenges in the
mechanical analysis of traveling double-nanobeam-systems or even ensembles of vertically aligned nanowires which are
pivotal elements of the upcoming advanced technologies of the nano-electro-mechanical systems.

By decreasing the size of structures, the ratio of the surface area to the bulk volume increases, and thereby, the effect
of surface energy on mechanical response becomes highlighted. One of the most popular elasticity-based theories in the
modeling of the surface effect is that developed by Gurtin–Murdoch [12–14]. This theory explains that each solid continuum
consists of two major parts: (i) surface layer with a negligible thickness, and (ii) its underlying bulk whose mechanical
properties are different from those of the surface layer. The bulk is tightly bonded to the surface layer such that a perfect bond
exists between them. It means that the displacement and stress fields of both surface layer and bulk are continuous at the
interface. By assuming an isotropic surface layer, the strains within that are linked to the stresses via three surface constants,
namely residual surface stress (τ0) and two Lamé’s parameters (λ0 and µ0). These factors are commonly determined by
comparing the predicted results by the surface elasticity-based theory and those obtained from an appropriate atomic
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model [15,16]. In viewof the above-mentioned continuities at the interface and by expressing the equations ofmotion for the
surface layer and the bulk, these relations could be readily combined for rod-like, beam-like, and plate-like nanostructures.
The main reason for this fact for the first ones is that the longitudinal strains in both surface layer and bulk are identical.
Moreover, the reason for the latter two continuum-based nanostructures is that the transverse deflections do not vary across
the thickness. As the beam-like nanostructure starts to move, not only the elastic strain energy of the surface layer, but also
its kinetic energy contributes to the total potential energy of the moving nanostructure. The last contribution could play a
critical role in dynamics and potential instability of the moving elastic nano-body which is attributed to the reduction of its
lateral stiffness due to the centrifugal inertial effect. This matter has not been paid attention to by the scientific community
until now. To bridge this gap, we employ Hamilton’s principle by taking into account the potential energy of the surface
layer accounting for both flexural and shear effects, and after that, the equations of motion of axially moving beam-like
nanostructures are derived. The given studies and explorations in this article are associatedwith those thatmove along their
major axis, however, this work could be generalized to the case of spatially moving nanostructures with three components
of velocity.

At the atomic level, vibrations of each atom could influence the vibrations of its nearby atoms. Such a fact could not be
tackled by the classical elasticity theory (CET) since it displays that the state of stress at each point only depends on the
state of stress of that point. To overcome this shortcoming of the CET as well as considering nonlocality in field analysis
at the nanoscale, nonlocal continuum theory was developed by Eringen [17,18]. Until now, a simple version of this theory
(i.e., differential version) has been widely adopted by many researchers for vibrational scrutinies of nanobeams [19–21].
Further, an integral-based version (i.e., stress-driven formulation) has been of focus of attention for mechanical analysis of
solids at small scales [22–27].

Up to now, the role of the surface energy on various aspects of mechanical behavior of nanoscaled beam-like structures
has been investigated and displayed in the context of the surface elasticity theory (SET) of Gurtin–Murdoch [12–14]. For
example, statics [28–31], linear vibrations [32–39], nonlinear vibrations [40–45], buckling [46–49], and postbuckling [50–52]
of beam-like nanostructures accounting for the surface energy have been studied. A brief survey of the literature reveals that
both linear and nonlinear transverse vibrations ofmovingmacro-scaled beams have been examined [53–64]. Concerning the
dynamic analysis of moving nanoscaled tubes and nanobeams, there exist several works on transverse vibrations [65–67]
via nonlocal elasticity theory of Eringen. As it is seen, linear vibrations of elastic nanobeams with surface effect have not
been explored yet. Further, the influence of the surface and shear deformation effects as well as their combinations on the
mechanical response of moving nanostructures has not been displayed yet. In view of these scientific gaps and given the
importance of the subject, the author has been encouraged to develop several inclusive models for axially moving beam-
like-rested nanostructures accounting for both surface and shear effects.

Herein, free transverse vibrations of axially moving nanobeams are going to be studied in the context of the SET of
Gurtin–Murdoch. By exploiting Rayleigh beammodel (RBM), Timoshenko beammodel (TBM), and higher-order beammodel
(HOBM), the equations ofmotion associatedwith the transverse vibration of themoving beam-like nanostructure are derived
accounting for the surface energy by employing Hamilton’s principle. By implementing the assumed mode method (AMM),
the partial differential equations of motion of the suggested models are discretized in the spatial domain of the nanobeam.
The resulted eigenvalue relations are solved for natural frequencies to determine the stable and unstable regions. The
divergence and flutter instabilities are discussed and their corresponding velocities are evaluated both analytically and
numerically. The influential factors on these crucial states are explained. Subsequently, the influence of surface and shear
strain energies, nanobeam’s length, and pretensioning force on the dominant flexural frequencies is explained for a wide
range of the nanobeam’s velocity.

2. Description of the nanomechanical problem

Consider an axially traveling beam-like nanostructure which is acted upon by a pretensioning force T0 at its end, and
rested on an elastic foundation (see Fig. 1). The nanobeam of concern is a uniformly circular solid structure of length lb and
its diameter is D0. The elastically rested nanobeam is traveling with a constant velocity vx. The interactions of the nano-
scaled beam and the foundation have been modeled via continuous lateral and rotational springs of constants Kt and Kr ,
respectively. In the following, vibrations and dynamic instabilities of such a nanosystem, with emphasis on its transverse
motion, are going to be examined using well-known surface energy-based beam theories.

3. Application of the surface energy-based RBM

3.1. Constitutive relations of the bulk and the surface layer

The RBM is mainly constructed based on this hypothesis that the perpendicular plane to the neutral axis remains
plane after deformation. By excluding the longitudinal displacement of the neutral axis, the longitudinal and transverse
displacement fields of the nanobeam could be expressed by: uR

x (x, y, z, t) = −z ∂w
R(x,t)
∂x , uR

z (x, y, z, t) = wR(x, t), where z
is the distance from the neutral axis, ∂ is the partial symbol, t is the time parameter, and wR

= wR(x, t) represents the
deflection field of both bulk and surface layer. Throughout this article, the parameters with the superscripts R, T , and H in
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Fig. 1. A continuum-based representation of an axially moving nanoscaled beam rested on an elastic foundation.

order are associated with the RBM, TBM, and HOBM. In the framework of the small strains (i.e., ϵRij =
1
2

(
∂uRi
∂xj

+
∂uRj
∂xi

)
), the

only non-vanishing strain of both bulk and surface layer is the longitudinal one which is stated by: ϵRxx = −z ∂
2wR

∂x2
.

Using the surface elasticity theory of Gurtin–Murdoch [12–14], the only stresses within the surface layer are given by:

τ Rxx = τ0 + (λ0 + 2µ0)
∂uR

x

∂x
= τ0 − (λ0 + 2µ0)

(
z
∂2wR

∂x2

)
, τ Rxz = nzτ0

∂wR

∂x
, (1)

where n = nye+ nzez is the unit normal vector to the surface layer, λ0 and µ0 are the Lamé’s constants of the surface layer,
and τ0 is the residual stress within the surface layer under unrestrained conditions. The requirement of equilibrium of the
surface layer at the farthest distance from the neutral axis reads [14,68]:

τ0
∂2uR,−

z

∂x2
+ σ R,−

zz = ρ0
D2uR,−

z

Dt2
, z = −

D0

2
,

τ0
∂2uR,+

z

∂x2
− σ R,+

zz = ρ0
D2uR,+

z

Dt2
, z = +

D0

2
,

(2)

where ρ0 is the density of the surface layer, D
Dt is the material derivative, uR,−

z = uR
z (x, y, z = −

D0
2 , t) and uR,+

z = uR
z (x, y, z =

D0
2 , t). By assuming this fact that the transverse normal stress of the bulk (σ R

zz) would linearly vary between its corresponding
surface values at the bottom and the top [69], namely σ R

zz =
(
σ R,+
zz + σ R,−

zz

)
/2 + z

(
σ R,+
zz − σ R,−

zz

)
/D0, and through using

Eq. (2), it is obtainable:

σ R
zz =

2z
D0

[
τ0
∂2wR

∂x2
− ρ0

(
∂2wR

∂t2
+ 2vx

∂2wR

∂x∂t
+ v2x

∂2wR

∂x2

)]
. (3)

Additionally, the longitudinal normal stress within the bulk is stated by: σ R
xx = EbϵRxx + νb σ

R
zz . By substituting longitudinal

strain–deflection relation and Eq. (3) to the recent relation, the longitudinal stress–deflection in moving surface energetic
nanobeams takes the following form:

σ R
xx = z

[(
2νbτ0
D0

− Eb

)
∂2wR

∂x2
−

2νbρ0
D0

(
∂2wR

∂t2
+ 2vx

∂2wR

∂x∂t
+ v2x

∂2wR

∂x2

)]
. (4)

3.2. The governing equations using the surface energetic RBM

The kinetic energy (T R) as well as the elastic strain energy of the rested-moving nanobeam (UR) in which modeled based
on the surface energy-based RBM are written as:

T R(t) =
1
2

∫
Ω

[
ρb

((
DuR

x

Dt

)2

+

(
DuR

z

Dt

)2
)]

dΩ +
1
2

∫
A
ρ0

((
DuR

x

Dt

)2

+

(
DuR

z

Dt

)2
)

dA, (5a)

UR(t) =
1
2

∫
Ω

σ R
xxϵ

R
xx dΩ +

1
2

∫
A
τ Rxxϵ

R
xx dA +

1
2

∫ lb

0
(T0 + τ0S0)

(
∂wR

∂x

)2

dx

+
1
2

∫ lb

0

(
Kt
(
wR)2

+ Kr

(
∂wR

∂x

)2
)

dx,
(5b)

where S0 =
∫
S n2

zdS , Ω denotes the whole bulk domain of the moving nanobeam, A represents the surface layer domain,
dΩ and dA are infinitesimal volume and area of the bulk and the surface layer, respectively, and for the problem at hand, the
first material derivative is given by: D[.]

Dt =
∂[.]

∂t + vx
∂[.]

∂x . By substituting Eqs. (1), (4), and the longitudinal strain expression
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into Eqs. (5a) and (5b), the more detailed statements of kinetic and elastic strain energy of the moving nanostructure in
terms of deformation fields are derived as:

T R(t) =

∫ lb

0

[
(ρbAb + ρ0S0)

(
∂wR

∂t
+ vx

∂wR

∂x

)2

+ (ρbIb + ρ0I0)
(
∂3wR

∂x2∂t
+ vx

∂3wR

∂x3

)2
]

dx, (6a)

UR(t) =
1
2

∫ lb

0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ib

[(
2νbτ0
D0

− Eb

)
∂2wR

∂x2
−

2νbρ0
D0

(
∂2wR

∂t2
+ 2vx

∂2wR

∂x∂t
+ v2x

∂2wR

∂x2

)]
∂2wR

∂x2
+

I0 (λ0 + µ0)

(
∂2w

∂x2

)2

+ Kt
(
wR)2

+ (Kr + τ0S0 + T0)
(
∂wR

∂x

)2

⎫⎪⎪⎪⎬⎪⎪⎪⎭ dx. (6b)

Using Hamilton’s principle and Eqs. (6a) and (6b), the equation of motion which describes transverse vibration of the axially
moving nanobeam on the basis of the surface energetic RBM would take the following form:

(ρbAb + ρ0S0)
(
∂2wR

∂t2
+ 2vx

∂2wR

∂x∂t
+ v2x

∂2wR

∂x2

)
−

(
ρbIb + ρ0I0 −

2ρ0νbIb
D0

)
×(

∂4wR

∂t2∂x2
+ 2vx

∂4wR

∂x3∂t
+ v2x

∂4wR

∂x4

)
+ Kt w

R
− (Kr + τ0S0)

∂2wR

∂x2

+

(
EbIb + (λ0 + 2µ0) I0 −

2νbτ0Ib
D0

)
∂4wR

∂x4
= 0.

(7)

To facilitate studying the problem at hand, the following dimensionless parameters are considered:

wR
=
wR

lb
, ξ =

x
lb
, τ =

t
l2b

√
EbIb
ρbAb

, λ =
lb

√
Ib/Ab

, T
R
0 =

T0l2b
EbIb

, K
R
t =

Kt l4b
EbIb

, K
R
r =

Kr l2b
EbIb

,

χR
1 =

ρ0S0
ρbAb

, χR
2 =

ρ0I0
ρbIb

−
2νbρ0
D0ρb

, χR
3 =

(λ0 + 2µ0)I0
EbIb

−
2νbτ0
D0Eb

, χR
4 =

τ0S0l2b
EbIb

,

(8)

hence, the dimensionless governing equation of an axially moving nanobeam based on the RBM is obtained as:

Υ
R
{(

1 + χR
1

)
wR

− λ−2 (1 + χR
2

) ∂2wR

∂ξ 2

}
+

(
1 + χR

3

) ∂4wR

∂ξ 4
−

(
χR
4 + K

R
r +T

R
0

) ∂2wR

∂ξ 2
+ K

R
tw

R
= 0.

(9)

where Υ
R
[.] =

∂2[.]

∂τ2
+ 2λβR ∂2[.]

∂τ∂ξ
+ (λβR)2 ∂2[.]

∂ξ2
is a dimensionless operator.

It is very difficult, if impossible, to find an analytical solution to Eq. (9). To overcome this difficulty, a Galerkin-based AMM
is suggested in the next part.

3.3. Spatial discretization using Galerkin-based AMM

Let,

wR(ξ, τ ) =

NM∑
i=1

φwi (ξ )wR
i (τ ), (10)

whereNM is the number of modes, φwi (ξ ) is the ithmode shape, andwR
i (τ ) is the time-dependent parameter. Let usmultiply

both sides of Eq. (9) by δwR, δ is the variational symbol, taking the integral in the dimensionless spatial domain (i.e., [0,1]),
and then, using the integration by parts technique, it is obtainable:

[M
R
b]
ww d2wR

dτ 2
+ [C

R
b]
ww dwR

dτ
+ [K

R
b]
ww

wR
= 0, (11)

where[
M

R
b

]ww
ij

=

∫ 1

0

((
1 + χR

1

)
φwi φ

w
j + λ−2 (1 + χR

2

) dφwi
dξ

dφwj
dξ

)
dξ, (12a)

[
C
R
b

]ww
ij

=

∫ 1

0
2λβRφwi

((
1 + χR

1

) dφwj
dξ

− λ−2 (1 + χR
2

) d3φwj

dξ 3

)
dξ, (12b)
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[
K

R
b

]ww
ij

=

∫ 1

0

⎛⎜⎜⎜⎝
(
1 + χR

3

) d2φwi

dξ 2
d2φwj

dξ 2
+

(
χR
4 + K

R
r +T

R
0

) dφwi
dξ

dφwj
dξ

+ K
R
t φ

w
i φ

w
j

+
(
λβR)2 φwi

((
1 + χR

1

) d2φwj

dξ 2
− λ−2 (1 + χR

2

) d4φwj

dξ 4

)
⎞⎟⎟⎟⎠ dξ, (12c)

wR(τ ) = ⟨wR
1(τ ), w

R
2(τ ), . . . , w

R
NM (τ )⟩T. (12d)

4. Application of the surface energy-based TBM

4.1. Constitutive relations of the bulk and the surface layer

The chief privilege of the TBMover the RBM is in considering the shear effect. In the context of the TBM, the deflection and
angle of rotation are essentially two distinct fields and such a consideration would let us incorporate the shear deformation
effect into the formulations of the problem. Basically, Timoshenko [70] constructed his beam theory based on the following
deformation fields: uT

x (x, y, z, t) = −zθ T (x, t) and uT
z (x, y, z, t) = wT (x, t) in which θ T denotes the angle of rotation about

the y axis. By assuming small deflections, the non-vanishing components of the strains of both bulk and the surface layer
would be:

ϵTxx = −z
∂θ T

∂x
, γ T

xz =
∂wT

∂x
− θ T . (13)

Using surface elasticity theory of Gurtin–Murdoch [12–14], the longitudinal normal stress and the shear stress of the
surface layer are expressed by:

τ Txx = τ0 + (λ0 + 2µ0)
∂uT

x

∂x
= τ0 − (λ0 + 2µ0) z

∂θ T

∂x
, τ Txz = nzτ0

∂wT

∂x
. (14)

On the other hand, the equations of motion of the bottom and the top surface layers in the transverse direction are provided
by:

τ0
∂2uT ,−

z

∂x2
+ σ T ,−

zz = ρ0
D2uT ,−

z

Dt2
, z = −

D0

2
,

τ0
∂2uT ,+

z

∂x2
− σ T ,+

zz = ρ0
D2uT ,+

z

Dt2
, z = +

D0

2
,

(15)

by assuming a linear variation of the normal stress along the z-direction within the bulk across the nanobeam’s thickness, it
is derived:

σ T
zz =

2z
D0

[
τ0
∂2wT

∂x2
− ρ0

(
∂2wT

∂t2
+ 2vx

∂2wT

∂x∂t
+ v2x

∂2wT

∂x2

)]
. (16)

Thereby, the longitudinal normal stress of the bulk (σ T
xx) could be evaluated by:

σ T
xx = EbϵTxx + νbσ

T
zz = z

{
−Eb

∂θ T

∂x
+

2νb
D0

[
τ0
∂2wT

∂x2
− ρ0

(
∂2wT

∂t2
+ 2vx

∂2wT

∂t∂x
+ v2x

∂2wT

∂x2

)]}
, (17)

and the only shear stress within the bulk is given by:

σ T
xz = ks Gb

(
∂wT

∂x
− θ T

)
, (18)

where ks is the shear correction factor.

4.2. The governing equations using the surface energetic TBM

The kinetic energy (T T ) and the elastic strain energy (UT ) of the elastically confinedmoving nanobeam accounting for the
surface energy are stated by:

T T (t) =
1
2

∫
Ω

[
ρb

((
DuT

x

Dt

)2

+

(
DuT

z

Dt

)2
)]

dΩ +
1
2

∫
A
ρ0

((
DuT

x

Dt

)2

+

(
DuT

z

Dt

)2
)

dA, (19a)

UT (t) =
1
2

∫
Ω

(
σ T
xxϵ

T
xx + σ T

xzγ
T
xz

)
dΩ +

1
2

∫
A

(
τ Txxϵ

T
xx + τ Txzγ

T
xz

)
dA+

1
2

∫ lb

0
(T0 + τ0S0)

(
∂wT

∂x

)2

dx +
1
2

∫ lb

0

(
Kt
(
wT )2

+ Kr
(
θ T
)2)

dx,
(19b)
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by substituting Eqs. (13), (14), (17) and (18) into Eqs. (19a) and (19b), the kinetic and elastic strain energy of the axially
moving nanobeam in terms of its deformation fields are stated by:

T T (t) =

∫ lb

0

⎡⎢⎢⎢⎣
(ρbAb + ρ0S0)

(
∂wT

∂t
+ vx

∂wT

∂x

)2

+

(ρbIb + ρ0I0)
(
∂θ T

∂t
+ vx

∂θ T

∂x

)2

⎤⎥⎥⎥⎦ dx, (20a)

UT (t) =
1
2

∫ lb

0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ib

(
−Eb

∂θ T

∂x
+

2νb
D0

(
τ0
∂2wT

∂x2
− ρ0

(
∂2wT

∂t2
+ 2vx

∂2wT

∂t∂x
+ v2x

∂2wT

∂x2

)))
×

∂θ T

∂x
+ ksGbAb

(
∂wT

∂x
− θ T

)2

+ I0 (λ0 + µ0)

(
∂θ T

∂x

)2

+

(T0 + τ0S0)
(
∂wT

∂x

)2

+ Kt
(
wT )2

+ Kr
(
θ T
)2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
dx. (20b)

By employing the Hamilton’s principle, the surface energetic transverse equations of motion of the moving nanostructure
on the basis of the TBM are obtained as:

(ρbIb + ρ0I0)
(
∂2θ T

∂t2
+ 2vx

∂2θ T

∂t∂x
+ v2x

∂2θ T

∂x2

)
−

2νbIbρ0
D0

(
∂3wT

∂t2∂x
+ 2vx

∂3wT

∂t∂x2
+ v2x

∂3wT

∂x3

)
+

2νbIbτ0
D0

∂3wT

∂x3
− ksGbAb

(
∂wT

∂x
− θ T

)
− (EbIb + (λ0 + 2µ0) I0)

∂2θ T

∂x2
+ kr θ T = 0,

(21a)

(ρbAb + ρ0S0)
(
∂2wT

∂t2
+ 2vx

∂2wT

∂t∂x
+ v2x

∂2wT

∂x2

)
−ksGbAb

(
∂2wT

∂x2
−
∂θ T

∂x

)
− (T0 + τ0S0)

∂2wT

∂x2
+ Kt w

T
= 0.

(21b)

By considering the following dimensionless quantities,

wT
=
wT

lb
, θ

T
= θ T , τ =

t
lb

√
Gb

ρb
, η =

EbIb
ksGbAbl2b

, βT
=

vx√
ksGb
ρb

,

K
T
t =

Kt l2b
ksGbAb

, K
T
r =

Kr

ksGbAb
, T

T
0 =

T0
ksGbAb

, χ T
1 =

ρ0S0
ρbAb

, χ T
2 =

ρ0I0
ρbIb

,

χ T
3 =

2νbρ0
ρbD0

, χ T
4 =

2νbIbτ0
ksGbAbl2bD0

, χ T
5 =

(λ0 + 2µ0) I
ksGbAbbl2b

, χ T
6 =

τ0S0
ksGbAb

,

(22)

one can arrive at the dimensionless equations of motion of the axially moving nanobeam with surface energy:

Υ
T
{
λ−2 (1 + χ T

2

)
θ
T

− λ−2χ T
3
∂wT

∂ξ

}
+ χ T

4
∂3wT

∂ξ 3
−

(
η + χ T

5

) ∂2θ T
∂ξ 2

−

(
∂wT

∂ξ
− θ

T
)

+ K
T
r θ

T
= 0,

(23a)

Υ
T {(

1 + χ T
1

)
wT}

−

(
∂2wT

∂ξ 2
−
∂θ

T

∂ξ

)
−

(
T
T
0 + χ T

6

) ∂2wT

∂ξ 2
+ K

T
t w

T
= 0, (23b)

where the dimensionless operator in Eqs. (23a) and (23b) is defined by:

Υ
T
[.] =

∂2[.]

∂τ 2
+ 2βT ∂

2
[.]

∂τ∂ξ
+ β2 ∂

2
[.]

∂ξ 2
. (24)

4.3. Spatial discretization using Galerkin-based AMM

Let us consider:

wT (ξ, τ ) =

NM∑
i=1

φwi (ξ )wT
i (τ ), θ

T
(ξ, τ ) =

NM∑
i=1

φθi (ξ )θ
T
i (τ ). (25)
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where φwi and φθi are the mode shapes associated with the deflection and the angle of deflection, respectively, and wT
i and

θ
T
i are their corresponding time-dependent factors. By premultiplying both sides of Eqs. (23a) and (23b) by δθ

T
and δwT , and

then integrating over [0,1], through taking the necessary integration by parts, one can arrive at the following second-order
ordinary differential equations:

[
[M

T
b ]
θθ

[M
T
b ]
θw

[M
T
b ]
wθ

[M
T
b ]
ww

]⎧⎪⎪⎪⎨⎪⎪⎪⎩
d2Θ

T

dτ 2

d2wT

dτ 2

⎫⎪⎪⎪⎬⎪⎪⎪⎭+

[
[C

T
b ]
θθ

[C
T
b ]
θw

[C
T
b ]
wθ

[C
T
b ]
ww

]⎧⎪⎪⎪⎨⎪⎪⎪⎩
dΘT

dτ
dwT

dτ

⎫⎪⎪⎪⎬⎪⎪⎪⎭[
[K

T
b ]
θθ

[K
T
b ]
θw

[K
T
b ]
wθ

[K
T
b ]
ww

]{
Θ

T

wT

}
=

{
0
0

}
,

(26)

where the non-vanishing submatrices are as:[
M

T
b

]θθ
ij

=

∫ 1

0
λ−2 (1 + χ T

2

)
φθi φ

θ
j dξ, (27a)

[
M

T
b

]θw
ij

=

∫ 1

0
λ−2χ T

3
dφθi
dξ

φwj dξ, (27b)

[
M

T
b

]ww
ij

=

∫ 1

0

(
1 + χ T

1

)
φwi φ

w
j dξ, (27c)

[
C
T
b

]θθ
ij

=

∫ 1

0
2λ−2βT (1 + χ T

2

)
φθi

dφθj
dξ

dξ, (27d)

[
C
T
b

]θw
ij

= −

∫ 1

0
2λ−2βT χ T

3 φ
θ
i

d2φwj

dξ
dξ, (27e)

[
C
T
b

]ww
ij

=

∫ 1

0
2βT (1 + χ T

1

)
φwi

dφwj
dξ

dξ, (27f)

[
K

T
b

]θθ
ij

=

∫ 1

0

((
1 + K

T
r

)
φθi φ

θ
j +

(
η + χ T

5

) dφθi
dξ

dφθj
dξ

+
(
1 + χ T

2

) (βT

λ

)2

φθi
d2φθj

dξ 2

)
dξ, (27g)

[
K

T
b

]θw
ij

=

∫ 1

0

(
−

(
φθi

dφwj
dξ

+ χ T
4
dφθi
dξ

d2φwj

dξ 2

)
+ χ T

3

(
βT

λ

)2 d3φθi

dξ 3
φwj

)
dξ, (27h)

[
K

T
b

]wθ
ij

= −

∫ 1

0

dφwi
dξ

φθj dξ, (27i)

[
K

T
b

]ww
ij

=

∫ 1

0

((
1 + χ T

6 + T
T
0

) dφwi
dξ

dφwj
dξ

+
(
1 + χ T

1

) (
βT )2 φwi d2φwj

dξ 2
+ K

T
t φ

w
i φ

w
j

)
dξ, (27j)

Θ
T (τ ) = ⟨θ

T
1(τ ), θ

T
2(τ ), . . . , θ

T
NM (τ )⟩T, (27k)

wT (τ ) = ⟨wT
1(τ ), w

T
2(τ ), . . . , w

T
NM (τ )⟩T. (27l)

5. Application of the surface energy-based HOBM

5.1. Constitutive relations of the bulk and the surface layer

As it is seen, the TBM provides a more rational model with respect to the RBM to include shear deformation in the
formulations. However, the TBM would not guarantee zero shear stress at the bottom and top surfaces of the nanobeam.
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For more accurate estimation of shear effect, Bickford [71] and Reddy [72,73] proposed a HOBM to conquer this drawback
of the TBM. In the context of this HOBM, the displacement fields of both bulk and surface layer are expressed by:

uH
x (x, y, z, t) = −

[(
z − αz3

)
ψH (x, t) + αz3

∂wH

∂x
(x, t)

]
, uH

z (x, y, z, t) = wH (x, t), (28)

where α = 4/(3D2
0), ψ

H
= ψH (x, t) is the angle of rotation field about the y axis, and wH

= wH (x, t) is the transverse
displacement along the z axis. Thereby, the non-vanishing shear strains are as:

ϵHxx = −

[(
z − αz3

) ∂ψH

∂x
+ αz3

∂2wH

∂x2

]
, γ H

xz =
(
1 − 3αz2

) (∂wH

∂x
− ψH

)
. (29)

The only surface stresses on the basis of the surface elasticity theory of the Gurtin–Murdoch [12–14] are given as follows:

τHxx = τ0 − (λ0 + 2µ0)

[(
z − αz3

) ∂ψH

∂x
+ αz3

∂2wH

∂x2

]
, τHxz = nzτ0

∂wH

∂x
. (30)

The requirement of equilibrium of the bottom and the top surface layer in the transverse direction yields:

τ0
∂2uH,−

z

∂x2
+ σH,−

zz = ρ0
D2uH,−

z

Dt2
, z = −

D0

2
,

τ0
∂2uH,+

z

∂x2
− σH,+

zz = ρ0
D2uH,+

z

Dt2
, z = +

D0

2
,

(31)

where uH,−
z = uH

z (x, y, z = −
D0
2 , t), u

H,+
z = uH

z (x, y, z =
D0
2 , t), σ

H,−
zz = σH

zz (x, y, z = −
D0
2 , t), and σ

H,+
zz = σH

zz (x, y, z =
D0
2 , t).

If σH
zz within the bulk varies linearly between those corresponding values at the bottom and top, in view of Eqs. (31)(a) and

(31)(b), it is readily obtainable:

σH
zz =

2z
D0

(
τ0
∂2wH

∂x2
− ρ0

(
∂2wH

∂t2
+ 2vx

∂2wH

∂t∂x
+ v2x

∂2wH

∂x2

))
. (32)

By virtue of σH
xx = EbϵHxx + νb σ

H
zz through exploiting Eqs. (29) and (32), the longitudinal stress within the bulk of the axially

moving nanobeam is stated by:

σH
xx = −Eb

[(
z − αz3

) ∂ψH

∂x
+ αz3

∂2wH

∂x2

]
+

2νb
D0

[
z
(
τ0
∂2wH

∂x2
− ρ0

(
∂2wH

∂t2
+ 2vx

∂2wH

∂t∂x
+ v2x

∂2wH

∂x2

))]
,

(33)

and in view of the given shear strains in Eq. (29), the only shear stress of the bulk is evaluated as follows:

σH
xz =

(
1 − 3αz2

)
Gb

(
∂wH

∂x
− ψH

)
. (34)

5.2. The governing equations using the surface energetic HOBM

The kinetic energy (TH ) and the elastic strain energy of the axially moving nanobeam (UH ) modeled according to the
HOBM are evaluated as:

TH (t) =
1
2

∫
Ω

ρb

((
DuH

x

Dt

)2

+

(
DuH

z

Dt

)2
)

dΩ +
1
2

∫
A
ρ0

((
DuH

x

Dt

)2

+

(
DuH

z

Dt

)2
)

dA, (35a)

UH (t) =
1
2

∫
Ω

(
σH
xxϵ

H
xx + σH

xzγ
H
xz

)
dΩ +

1
2

∫
A

(
τHxxϵ

H
xx + τHxzγ

H
xz

)
dA+

1
2

∫ lb

0
(T0 + τ0S0)

(
∂wH

∂x

)2

dx+
1
2

∫ lb

0

(
Kt
(
wH)2

+ Kr
(
ψH)2) dx,

(35b)

by introducing Eqs. (30), (33), and (34) to Eqs. (35a) and (35b),

TH
=

1
2

∫ lb

0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
I0 + I∗0

) (∂2wH

∂t∂x
+ vx

∂2wH

∂x2

)2

+
(
I2 + I∗2

) (∂ψH

∂t
+ vx

∂ψH

∂x

)2

+

α2 (I6 + I∗6
) (∂ψH

∂t
+
∂2wH

∂t∂x
+ vx

(
∂ψH

∂x
+
∂2wH

∂x2

))2

−2α
(
I4 + I∗4

) (∂ψH

∂t
+ vx

∂ψH

∂x

)(
∂ψH

∂t
+
∂2wH

∂t∂x
+ vx

(
∂ψH

∂x
+
∂2wH

∂x2

))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
dx, (36a)
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UH
=

1
2

∫ lb

0

⎛⎜⎜⎝
∂ψH

∂x
MH

b +

(
ψH

+
∂wH

∂x

)(
α
∂PH

b

∂x
+ Q H

b

)
Kt
(
wH)2

+ Kr
(
ψH)2

+ (T0 + τ0S0)
(
∂wH

∂x

)2

⎞⎟⎟⎠ dx +
1
2

∫ lb

0

∫
S

(
τHxxϵ

H
xx+

τHxzγ
H
xz

)
dSdx, (36b)

where

MH
b = −

[
(J2 − αJ4)

∂ψH

∂x
+ αJ4

∂2wH

∂x2

]
+

2νbI ′2
D0

(
τ0
∂2wH

∂x2
− ρ0

(
∂2wH

∂t2
+ 2vx

∂2wH

∂t∂x
+ v2x

∂2wH

∂x2

))
, (37a)

PH
b = −

[
(J4 − αJ6)

∂ψH

∂x
+ αJ6

∂2wH

∂x2

]
+

2νbI ′4
D0

(
τ0
∂2wH

∂x2
− ρ0

(
∂2wH

∂t2
+ 2vx

∂2wH

∂t∂x
+ v2x

∂2wH

∂x2

))
, (37b)

Q H
b = κ

(
∂wH

∂x
− ψH

)
, (37c)

and

κ =

∫
Ab

Gb
(
1 − 3αz2

)
dA, I ′m =

∫
Ab

zm dA, I ′∗m =

∫
S
zm dS; m = 2, 4,

Jn =

∫
Ab

Eb zn dA, In =

∫
Ab

ρb zn dA, I∗n =

∫
S
ρ0zn dS; n = 0, 2, 4, 6.

(38)

By exploiting Hamilton’s principle, the transverse equations of motion of the moving nanostructure modeled by the higher-
order beam are derived as:

((
I2 + I∗2

)
− 2α

(
I4 + I∗4

)
+ α2 (I6 + I∗6

)) (∂2ψH

∂t2
+ 2vx

∂2ψH

∂t∂x
+ v2x

∂2ψH

∂x2

)
+

(
α2 (I6 + I∗6

)
− α

(
I4 + I∗4

)) ( ∂3wH

∂t2∂x
+ 2vx

∂3wH

∂t∂x2
+ v2x

∂3wH

∂x3

)
+

−
∂MH

b

∂x
+ α

∂PH
b

∂x
+ Q H

b −

∫
S
z
∂τHxx

∂x
dS − Krψ

H
= 0,

(39a)

(
I0 + I∗0

) (∂2wH

∂t2
+ 2vx

∂2wH

∂t∂x
+ v2x

∂2wH

∂x2

)
+

(
αI4 − α2I6

) ( ∂3ψH

∂t2∂x
+ 2vx

∂3ψH

∂t∂x2
+ v2x

∂3ψH

∂x3

)
−
∂Q H

bz

∂x
− α

∂2PH
bz

∂x2
−

∫
S

∂τHxz

∂x
nz dS + (T0 + τ0S0)

∂2wH

∂x2
+ Ktw

H
= 0.

(39b)

To study vibrations of moving nanobeams in amore general framework via HOBM, we consider the following dimensionless

quantities:

vH =
vH

lb
, wH

=
wH

lb
, ψ

H
y = ψH , ψ

H
z = ψH

z , τ =
αt
l2b

√
J6
I0
, γ 2

1 =
αI4 − α2I6

I0l2b
,

γ 2
2 =

α2I6
I0l2b

, γ 2
3 =

κ l2b
α2J6

, γ 2
4 =

αJ4 − α2J6
α2J6

, γ 2
6 =

αI4 − α2I6
I2 − 2αI4 + α2I6

,
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γ 2
7 =

κ I0l4b
(I2 − 2αI4 + α2I6)α2J6

, γ 2
8 =

(J2 − 2αJ4 + α2J6)I0l2b
(I2 − 2αI4 + α2I6)α2J6

, γ 2
9 =

(αJ4 − α2J6)I0l2b
(I2 − 2αI4 + α2I6)α2J6

,

K
H
t =

Kt l4b
α2J6

, K
H
r =

Kr I0l4b
(I2 − 2αI4 + α2I6)α2J6

, T
H
0 =

T0l3b
α2J6

,

χH
1 =

I∗2 − 2αI∗4 + α2I∗6
I2 − 2αI4 + α2I6

, χH
2 =

αI∗4 − α2I∗6 −
2νbρ0
D0

(
I ′2 − αI ′4

)
αI4 − α2I6

,

χH
3 =

(λ0 + 2µ0)−
2νbτ0
D0

(
I ′2 − αI ′4

)
αJ4 − α2J6

, χH
4 =

(λ0 + 2µ0)
(
I∗2 − αI∗4

)
J2 − 2αJ4 + α2J6

,

χH
5 =

ρ0S0 +
2ανbI ′4ρ0

D0

I0
, χH

6 =
τ0S0l3b
α2J6

, χH
7 =

2νbI ′4τ0l
3
b

αJ6D0
.

(40)

By introducing Eqs. (30), (37a)–(37c) to Eqs. (39a) and (39b), in view of Eq. (40), the dimensionless equations of motion that
display transverse vibrations of surface energetic moving nanobeams on the basis of the HOBM are obtained as follows:

Υ
H
{(

1 + χH
1

)
∂2ψ

H
+ γ 2

6

(
1 + χH

2

) ∂wH

∂ξ

}
− γ 2

9

(
1 + χH

3

) ∂3wH

∂ξ 3

−γ 2
8

(
1 + χH

4

) ∂2ψH

∂ξ 2
− γ 2

7

(
∂wH

∂ξ
− ψ

H
)

+ K
H
r ψ

H
= 0,

(41a)

Υ
H

{(
1 + χH

5

)
∂2wH

− γ 2
2
∂2wH

∂ξ 2
+ γ 2

1
∂ψ

H

∂ξ

}
− γ 2

3

(
∂2wH

∂ξ 2
−
∂ψ

H

∂ξ

)

−

(
T
H
0 +χH

6

) ∂2wH

∂ξ 2
+ γ 2

4
∂3ψ

H

∂ξ 3
+
(
1 − χH

7

) ∂4wH

∂ξ 4
+ K

H
t w

H
= 0,

(41b)

where

Υ
H
[.] =

∂2[.]

∂τ 2
+ 2βH ∂

2
[.]

∂τ∂ξ
+
(
βH)2 ∂2[.]

∂ξ 2
. (42)

5.3. Spatial discretization using Galerkin-based AMM

Let

wH (ξ, τ ) =

NM∑
i=1

φwi (ξ )wH
i (τ ), ψ

H
(ξ, τ ) =

NM∑
i=1

φ
ψ

i (ξ )ψ
H
i (τ ), (43)

by premultiplying both sides of Eqs. (41a) and (41b) by δψ
H
and δwH , respectively, and integrating over [0, 1] through taking

the required integration by parts, it is derived:

[
[M

H
b ]
ψψ

[M
H
b ]
ψw

[M
H
b ]
wψ

[M
H
b ]
ww

]⎧⎪⎪⎪⎨⎪⎪⎪⎩
d2Ψ

H

dτ 2

d2wH

dτ 2

⎫⎪⎪⎪⎬⎪⎪⎪⎭+

[
[C

H
b ]
ψψ

[C
H
b ]
ψw

[C
H
b ]
wψ

[C
H
b ]
ww

]⎧⎪⎪⎪⎨⎪⎪⎪⎩
dΨH

dτ
dwH

dτ

⎫⎪⎪⎪⎬⎪⎪⎪⎭[
[K

H
b ]
ψψ

[K
H
b ]
ψw

[K
H
b ]
wψ

[K
H
b ]
ww

]{
Ψ

H

wH

}
=

{
0
0

}
,

(44)

where,[
M

H
b

]ψψ
ij

=

∫ 1

0

(
1 + χH

1

)
φ
ψ

i φ
ψ

j dξ, (45a)

[
M

H
b

]ψw
ij

=

∫ 1

0
γ 2
6

(
1 + χH

2

)
φ
ψ

i

dφwj
dξ

dξ, (45b)

[
M

H
b

]wψ
ij

= −

∫ 1

0
γ 2
1
dφwi
dξ

φ
ψ

j dξ, (45c)
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[
M

H
b

]ww
ij

=

∫ 1

0

((
1 + χH

5

)
φwi φ

w
j + γ 2

2
dφwi
dξ

dφwj
dξ

)
dξ, (45d)

[
C
H
b

]ψψ
ij

=

∫ 1

0
2βH (1 + χH

1

)
φ
ψ

i

dφψj
dξ

dξ, (45e)

[
C
H
b

]ψw
ij

=

∫ 1

0
2βHγ 2

6

(
1 + χH

2

)
φ
ψ

i

d2φwj

dξ 2
dξ, (45f)

[
C
H
b

]wψ
ij

= −

∫ 1

0
2βHγ 2

1
dφwi
dξ

dφwj
dξ

dξ, (45g)

[
C
H
b

]ww
ij

=

∫ 1

0
2βH

((
1 + χH

5

)
φwi

dφwj
dξ

+ γ 2
2
dφwi
dξ

d2φwj

dξ 2

)
dξ, (45h)

[
K

H
b

]ψψ
ij

=

∫ 1

0

⎛⎜⎜⎜⎝
(
K

H
r + γ 2

7

)
φ
ψ

i φ
ψ

j + γ 2
8

(
1 + χH

4

) dφψi
dξ

dφψj
dξ

+

(
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6. Results and discussion

Consider amoving silver [001] nanobeamwith the followingproperties [32,74]: Eb =76GPa, νb =0.26,ρb =10500kg/m3,
ρ0 = 10−7 kg/m2, λ0 + 2µ0 = 1.22 N/m, and τ0 = 0.89 N/m. We are interested in examining free vibration of such a
nanostructure inmoving state aswell as explaining the interactional role of the velocity and the surface energy on its natural
frequencies and stability.

In the following parts, a detailed scrutiny is provided to discuss on the roles of influential factors on the dynamic instability
of the nanostructure and the divergence velocity. Via twomethods, the divergence velocity of the nanostructure is evaluated
and the capabilities of the suggested approaches are explained. Subsequently, the stable and unstable zones based on the
proposed surface-energy-basedmodels are revealed. More specifically, the effects of the velocity, length, and surface energy
on the free dynamic response of the moving nanobeam are discussed. Further, the crucial roles of shear strain energy and
surface effect on the obtained results are displayed in some detail.
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6.1. Initiation of divergence instability

By increasing the axial velocity of the moving nanobeam, the natural frequencies of the nanostructure would generally
lessen. At certain levels of velocities, which are called divergence ones, the frequencies would vanish, and instability would
be generated within the moving nanobeam. By passing the velocity at the divergence level, the imaginary part of the
frequency becomes negative and any cause of lateral displacement will cause divergence instability at which the amplitude
of transverse displacement would magnify exponentially with time until resulting in structural failure. Therefore, a more
accurate prediction of divergence velocities of various modes would be of great importance. In the following part, two
methods are displayed to calculate such crucial parameters.

6.1.1. Analytical solution (AS)
Let us assume a harmonic form for time-dependent vectors of vibrationmodes of the suggested surface energetic models

as in the following form:

w[.](τ ) = w[.]
0 eiϖτ , Θ

T (τ ) = Θ
T
0 e

iϖτ , Ψ
H
(τ ) = Ψ

H
0 eiϖτ ; [.] = R, T ,H, (46)

where ϖ is the dimensionless frequency, w[.]
0 , ΘT

0 , and Ψ
H
0 are the dimensionless amplitude vectors, and i =

√
−1. By

introducing Eq. (46) to Eqs. (11), (26), and (44), consideringϖ = 0 as the onset of the divergence instability, and neglecting
the stiffness interactions of each pair of modes, it is obtainable:
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The requirement of the existence of a nontrivial solution to Eqs. (47a)–(47c) is that the determinant of the coefficientmatrices
associated with the amplitude vectors should be zero. Hence, by solving the following eigenvalue relations for β , the explicit
expressions of dimensionless divergence velocities of the moving nanobeam based on the surface energetic models could
be readily evaluated. Without loss of generality, we restrict our attention to the simply supported case. For this purpose, the
following admissible mode shapes could be considered for all suggested models in this work:

φwi = sin(iπξ ), φθi = cos(iπξ ), φψi = cos(iπξ ). (48)

Therefore, the dimensionless divergence velocities of themth flexural mode of themoving nanostructure based on the RBM,
TBM, and HOBM are easily calculated as follows:
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where a[.]
m , b[.]

m , and c[.]
m are given in Appendix A, and the dimensionless divergence velocities by the surface-energetic TBM

and HOBM are stated in terms of dimensionless divergence velocity of the RBM (i.e.,
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It is worth mentioning that for very slender moving nanobeams, the rotary inertia effect could be safely ignored. In such a
case, Eq. (49a) would be reduced to that predicted by the surface-energetic Euler–Bernoulli beam theory, namely:
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Both Euler–Bernoulli and Rayleigh beammodels could not capture the shear divergence velocities due to their drawbacks in
considering the shear strain energy. Nevertheless, the dimensionless divergence velocities of the mth mode of shear using
the TBM and HOBM are calculated as:
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6.1.2. Numerical solution (NS)
The main assumption in calculating the analytical divergence velocities of the previous part was to provoke the modes’

interactions. To obtain more reasonable results as well as to check the accuracy of the analytical’s results, a simple approach
is developed. Actually, we are interested in establishing the eigenvalue relations using the Galerkin-based mass, damping,
and stiffness matrices for the proposedmodels. Given Eqs. (11), (26), and (44), the onset of divergence instability is specified
byϖ = 0. Therefore, the following static eigenvalue relations are obtained for the suggested models:
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The non-trivial solutions would exist to Eq. (53) if and only if the determinant of the coefficients matrices associated with
the constant vectors would be zero. Hence,
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βd
)R, and the dimensionless stiffness submatrices associated with the

stationary and purely moving modes of the moving nanobeam are provided in Appendix B.

6.1.3. A comparison study
Consider a simply supportedmoving silver nanobeamwhose length and radius in order are 50nmand4nm. The predicted

dimensionless divergence velocities pertinent to the first five modes by the proposed methodologies in Section 6.1.1 and
6.1.2 have been presented in Table 1. The divergence velocity of the ith flexural vibrationmode is expressed by vdxi =

√
Eb
ρb
βd
i .

To apply the suggested numerical method, we set NM = 10 to all proposed models. A brief survey of the obtained results
shows that there exists a reasonably good agreement between the predicted results by the AS and those of the NS for all
suggested models. In the case of RBM, the predicted results by the AS are coincident with those of the NS. The main reason
for this fact is that both dimensionless stiffness submatrices associated with the stationary and purely moving modes are
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Table 1
Comparison of the predicted first five divergent velocities by the analytical approach and those of the AMM
via the surface-energetic RBM, TBM, and HOBM.
Model Method βd

1 βd
2 βd

3 βd
4 βd

5

RBM ASa 0.16318502 0.30193315 0.42479675 0.52700037 0.60916885
NSb 0.16318502 0.30193315 0.42479675 0.52700037 0.60916885

TBM AS 0.15857566 0.27282791 0.35503531 0.41211002 0.45223247
NS 0.15856484 0.27276725 0.35489504 0.41187989 0.45191375

HOBM AS 0.15809812 0.27009140 0.34965465 0.40498016 0.44463583
NS 0.15834401 0.27137381 0.35228927 0.39908384 0.40856257

aAnalytical solution.
bNumerical solution.

Fig. 2. Variation of the critical divergence velocity in terms of: (a) NW’s length, (b) NW’s radius, (c) dimensionless transverse stiffness, (d) residual
surface stress, (e) dimensionless pretensioning force, (f) dimensionless rotational stiffness; (lb = 20 nm, r0 = 4 nm, K ∗

t = Kt l4b0/(EbIb), T
∗

0 = T0/(EbAb),
K ∗
r = Kr l2b0/(EbIb), lb0 = 100 nm, (...) RBM, (− − −) TBM, (—) HOBM).

diagonal. For the moving nanostructure modeled based on the TBM and HOBM, the relative discrepancies between the
divergence velocities by the AS and those of the NS would grow as the mode number increases. Such relative discrepancies
are limited to 0.07 and 8.8 percent for the TBM and HOBM, respectively.

6.1.4. Influential factors on stability of moving nanobeams
Fig. 2(a)–(f) display the plots of dimensionless critical divergence velocity as a function of nanobeam’s length, nanobeam’s

radius, residual surface stress, pretensioning force, and transverse and rotational stiffness of the surrounding medium. The
plots pertinent to the RBM, TBM, and HOBM are specified by dotted, dashed, and solid lines, respectively. As it is obvious
from the demonstrated results, all proposed models predict that the critical divergence velocity of the moving nanobeam
would reduce by increasing the nanobeam’s length. However, an increase of the nanobeam’s radius, transverse or rotational
stiffness of the surrounding elastic medium, pretensioning force, or residual surface stress (with a positive sign) would lead
to growing of the critical divergence velocity; thereby, the stability of the moving nanostructure would increase by growing
such parameters. Concerning the role of the shear deformation on the divergence velocity, the obtained results show that
the predicted critical divergence velocities by the TBM and HOBM are lower than those obtained by the RBM since the
flexural stiffness of the moving nanobeam by the RBM is commonly overestimated due to not considering the shear strain
energy in its formulations. A close scrutiny of the plotted results reveals that the relative discrepancies between the predicted
divergence velocity by theRBMand those of the TBMorHOBMwould lessen as thenanobeam’s length, residual surface stress,
pretensioning force, or transverse stiffness of the surrounding medium increases. Nevertheless, such discrepancies would
magnify as nanobeam’s radius or rotational stiffness of the surroundingmedium increases. Another interesting investigation
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Fig. 3. Plots of flexural frequencies of an axially moving nanoscaled beam as a function of the dimensionless velocity for RBM, TBM, and HOBM: (a) ω-βR ,
(b) ℑ(ω) > 0, (c) ℜ(ω) = 0, (d) ℜ(ω) > 0; (( ) RBM, ( ) TBM, ( ) HOBM; lb = 50 nm, D0 = 8 nm, NM = 6) . (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

is to determine the stable and unstable regions under various conditions. As it is seen in Fig. 2(a)–(f), the regions under the
plotted results present dynamically stable zones. In other words, themoving nanobeamwould be surely stable for velocities
lower than the critical divergence velocity. However, for velocities higher than the critical one, the moving nanostructure
would be unstable. Actually, for such velocities, any cause of lateral motion would result in large dynamic deflections and
stresses within the nanostructure. The suggested theories could not display these critical phenomena in the context of small
deflections.

As itwill be displayed in theupcomingparts, it cannot be exactlymentioned that themovingnanobeamwould beunstable
for all velocities beyond the critical divergence velocities. In fact, there also exist small velocity intervals (i.e., for velocities
between that of the end of divergence instability zone and the flutter velocity) atwhich the supersonicmoving nanostructure
would be stable.

6.2. More details on free dynamic response of moving nanobeams

The transverse vibrations of moving nanobeams are highly influenced by the signs of the imaginary part and real part of
the flexural frequencies (i.e., ℑ(ω) and ℜ(ω)). Generally, for the nonzero real part, three cases would occur: (i) the imaginary
part is zero: the moving nanostructure would be stable and it vibrates harmonically; (ii) the imaginary part is negative:
flutter instability takes place and the amplitudes of dynamic deflections would grow exponentially as the time goes by;
(iii) the imaginary part is positive: the moving nanostructure would be stable, and any dynamic deformation is damped
with time. For frequencies whose real part is zero, two cases are possible: (i) the imaginary part is negative: the moving
nanobeam arrives at divergence instability; (ii) the imaginary part is positive: any cause of deformation within the moving
nanobeam would decrease exponentially as time passes, and thereby, the nanostructure would be stable. In the following
parts, the real and imaginary parts of the flexural frequencies that correspond to the dominant vibrationmodes are extracted
and plotted in terms of velocity according to the RBM, TBM, and HOBM.

In Fig. 3(a), the plots of real and imaginary parts of the flexural frequencies of the axially moving nanobeam in terms of
dimensionless velocity have beenprovided for the suggestedmodels. The real part of frequencies of theRBM, TBM, andHOBM
has been specified by the dotted black, green, and blue colors, respectively, while their imaginary parts in order have been
providedwith the same color by the dotted circle, dotted square, and dotted triangle signs. Formore convenience in dynamic
analysis of themoving nanostructure, the plots of frequencieswith positive imaginary part have been extracted from those in
Fig. 3(a) and re-plotted as a function of dimensionless velocity in Fig. 3(b). These plots present the imaginary part of flexural
frequencies of dynamically stable modes. It should be noted that the moving nanobeamwould be stable for a given velocity
if its stability would not be endangered in all vibration modes for that velocity. In this regard, the plots of the imaginary part
of frequencies when their real parts are zero, as well as the plots of real and imaginary parts of frequencies with positive
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Fig. 4. Plots of real and imaginary parts of the predicted flexural frequencies by the HOBM as a function of the dimensionless velocity with and without
considering the surface effect; (( ) CET, ( ) SET; lb = 60 nm, D0 = 8 nm, NM = 8, T0 = Kt = Kr = 0).

real parts and negative imaginary parts, have been demonstrated in Fig. 3(c) and (d). Actually, the plotted results in Fig. 3(c)
show the divergence modes on the basis of the RBM, TBM, and HOBM. As it obvious, the critical divergence velocities of
the moving nanobeam accounting for the surface effect in order are 0.135

√
Eb/ρb, 0.132

√
Eb/ρb, and 0.131

√
Eb/ρb using

the RBM, TBM, and HOBM. Further, a close scrutiny of the demonstrated results indicates that the RBM, TBM, and HOBM
predict that the first and the second divergence velocity intervals would be ([0.135,0.248]

√
Eb/ρb,[0.351,0.446]

√
Eb/ρb),

([0.132,0.231]
√
Eb/ρb,[0.308,0.368]

√
Eb/ρb), and ([0.131,0.228]

√
Eb/ρb,[0.303,0.360]

√
Eb/ρb), respectively. In Fig. 3(d), the

plotswith negative value for the imaginary parts of the flexural frequencies represent the fluttermodes. For such frequencies,
any small lateral deflection yields large dynamic deflection and if such a deflection could not be appropriately damped,
this matter would result in high stresses which lead to the collapse of the moving nanostructure. According to the
RBM, TBM, and HOBM, the critical flutter velocities in order are approximately equal to 0.254

√
Eb/ρb, 0.235

√
Eb/ρb,

and 0.233
√
Eb/ρb. Additionally, the first two velocity intervals associated with the flutter instability via the RBM, TBM,

and HOBM are identified as: ([0.254,0.351]
√
Eb/ρb,[0.377,0.446]

√
Eb/ρb), ([0.235,0.308]

√
Eb/ρb,[0.322,0.368]

√
Eb/ρb), and

([0.233,0.304]
√
Eb/ρb,[0.312,0.360]

√
Eb/ρb), respectively. As it is seen, the predicted results by the TBM are close to those

of the HOBM since these two theories include shear strain energy in evaluation of transverse stiffness of the moving
nanostructure. Due to this fact, the predicted divergence and flutter velocities by the TBM and HOBM are commonly lower
than those of the RBM. It implies that the RBM overestimates both divergence and flutter velocities with respect to the TBM
and HOBM.

6.3. Influence of the surface energy

A pivotal study is performed to investigate the influence of the surface effect on the free dynamic response of the moving
nanobeam. For this purpose, the predicted first five flexural frequencies by theHOBM for amovingnanobeamwith lb =60nm
andD0 = 8 nmhave been plotted in Fig. 4. The results have been demonstrated for two cases:with andwithout consideration
of the surface energy whose results in order are identified by the dotted-square markers and dotted-circle markers. For a
particular value of the velocity, the predicted flexural frequencies (i.e., the real part) would increase by considering the
surface effect. It is mainly related to the positive incorporation of both residual surface stress and surface elastic modulus
(i.e., τ0 and λ0 + 2µ0) of the silver nanobeam [001] into the transverse stiffness according to the proposed surface energetic
models. As it is obvious, the influence of the surface energy on the variation of the fundamental frequency is more apparent
with respect to that of other vibrationmodes. Actually, as themode number increases, the effect of surface energy on the free
vibration behavior of the nanostructure would reduce. Furthermore, by increasing the velocity of themoving nanobeam, the
role of the velocity on the fundamental frequency becomes highlighted such that the maximum influence is observed at the
critical divergence velocity. This matter is mainly ascertained to the very low level of the transverse stiffness of the traveling
nanobeam at velocities near to the divergence speeds. In such circumstances, any cause of strengthening the lateral stiffness
like the surface effect would result in a significant impact on the free dynamic response of the moving nanobeam.
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Fig. 5. Plots of real and imaginary parts of the predicted flexural frequencies by the HOBM as a function of dimensionless velocity for different levels of the
nanobeam’s length; (( ) lb = 23 nm, ( ) lb = 26 nm, ( ) lb = 29 nm; D0 = 8 nm, NM = 8, T0 = Kt = Kr = 0).

Concerning the effect of the surface energy on the instability of the moving nanobeam, the plotted imaginary part of
flexural frequencies as a function of dimensionless velocity reveals that the divergence instability would be initiated as the
axial velocity reaches 0.102

√
Eb/ρb and 0.115

√
Eb/ρb based on the classical elasticity theory (CET) and the surface elasticity

theory (SET), respectively. Further, the proposed HOBM predicts that the moving nanobeamwould be dynamically unstable
for velocities within the intervals [0.102, 0.193]

√
Eb/ρb and [0.115, 0.199]

√
Eb/ρb on the basis of the CET and the SET,

respectively. In fact, these represent the first divergence interval of velocities with and without considering the surface
effect. Thereafter, a close scrutiny of the plotted results indicates that the moving nanobeamwould be dynamically stable at
a very narrow interval of velocities [0.193, 0.196]

√
Eb/ρb and [0.199, 0.203]

√
Eb/ρb using the CET and SET, respectively. By

passing the first flutter velocities (i.e., 0.196
√
Eb/ρb, 0.203

√
Eb/ρb), the flutter instability occurs, and the moving nanobeam

would not be stable any more and any cause of lateral motion will develop large deflections and stresses within the moving
nanobeamuntil itwould collapse.More investigations reveal that as long as the velocity of themoving nanobeamwould be in
the ranges of [0.196, 0.265]

√
Eb/ρb and [0.203, 0.2685]

√
Eb/ρb, in order on the basis of the CET and SET, the flutter instability

could take place. Additionally, the corresponding velocities to the onset of the second divergence instability (i.e., second
divergence velocities) are 0.2665

√
Eb/ρb via the CET-based HOBM and 0.2695

√
Eb/ρb via the SET-based HOBM, and the

second flutter velocities associated with these models in order are 0.277
√
Eb/ρb and 0.2805

√
Eb/ρb. All these numerical

examples prove that the surface energy would help the stability of the moving silver nanobeam.

6.4. Influence of the length of nanobeams

Determination of the role of the nanobeam’s length on its free vibration behavior is also of high interest. Using surface
energy-based HOBM, the predicted first five frequencies of the moving nanobeam as a function of velocity have been
demonstrated in Fig. 5 for three levels of the nanobeam’s length (i.e., lb = 23, 26, and 29 nm). The plotted results are given
for the case of D0 = 8 nm and T0 = Kt = Kr = 0. Irrespective of the velocity level of the moving nanobeam, the frequencies
would reduce by increasing the length of the nanobeam. Such a reduction is more apparent at the velocities close to the
critical divergence velocity. For all considered values of the nanobeam’s length, an increase of the axial velocity leads to a
reduction of flexural frequencies of the moving nanobeam. Again, the variation of the velocity in the neighborhood of the
critical divergence velocity has the most influence on the variation of the flexural frequencies.

As it is obvious from the plotted results, the critical divergence velocity would reduce by growing the length of the
moving nanobeam. For example, the velocity intervals associated with the divergence instability for lb = 23, 26, and 29 nm
in order are [0.243, 0.375]

√
Eb/ρb, [0.222, 0.352]

√
Eb/ρb, and [0.204, 0.331]

√
Eb/ρb. The first flutter velocities of these

lengths are approximately equal to 0.3753
√
Eb/ρb, 0.3529

√
Eb/ρb, and 0.3325

√
Eb/ρb, respectively. Thereby, for nanobeams

with lb = 23, 26, and 29 nm, the axially moving nanostructure would be dynamically stable for velocities in the intervals
[0.375, 0.3753]

√
Eb/ρb, [0.352, 0.3529]

√
Eb/ρb, and [0.331, 0.3325]

√
Eb/ρb. As it is obvious, the bandwidth of such stable

velocity intervals would reduce as the length of the nanobeam decreases. The obtained results confirm this fact that both
divergence and flutter velocities would reduce by increasing the nanobeam’s length.
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Fig. 6. Plots of real and imaginary parts of the predicted flexural frequencies by the HOBM as a function of the dimensionless velocity for various values of
pretensioning force; (( ) T

R
0 = 0, ( ) T

R
0 = 10, ( ) T

R
0 = 20; lb = 40 nm, D0 = 8 nm, NM = 6, Kt = Kr = 0).

6.5. Influence of the pretensioning force

We are also interested in the role of pretensioning force on the free dynamic response of the moving nanobeam. To this
end, the plotted results of absolute values of real and imaginary parts of the first four flexural frequencies as a function of
dimensionless velocity have been provided for three levels of the pretensioning force (i.e., T

R
0 = 0, 10, and 20). The results

have been extracted using HOBM for a fairly stocky nanobeam with lb = 40 nm and D0 = 8 nm. As it is evident from the
demonstrated results, the flexural frequency of each vibration mode would increase as the pretensioning force increases.
By increasing the velocity of the moving nanobeam up to the divergence one, the influence of the pretensioning force on
the free dynamic response of the nanostructure becomes highlighted. It implies that at the velocities close to the divergence
velocity, the variation of the pretensioning force has the most influence on the internal stiffness as well as the flexural
frequencies of the moving nanobeam. Additionally, the role of pretensioning force on the frequencies would reduce as the
mode number increases. In other words, the pretensioning force has the most impact on the fundamental frequency of the
moving nanobeam. Generally, the variation of the velocity has more influence on the variation of flexural frequencies of the
moving nanobeam acted upon by higher pretensioning forces. Further, the frequencies of higher modes are more affected
by the variation of the velocity.

According to the plotted results in Fig. 6, the critical divergence velocity of the moving nanobeam would magnify by
increasing of the pretensioning force; however, the corresponding bandwidth of the velocity intervals of the divergence zone
would commonly reduce as the pretensioning force within the moving nanostructure increases. For instance, the velocity
intervals pertinent to the moving nanobeam with T

R
0 = 0, 10, and 20 are [0.157, 0.269]

√
Eb/ρb, [0.222, 0.311]

√
Eb/ρb, and,

[0.270, 0.346]
√
Eb/ρb, respectively. Additionally, the flutter velocities associated with these pretensioning forces in order

are 0.272
√
Eb/ρb, 0.314

√
Eb/ρb, and 0.351

√
Eb/ρb. In view of the given velocity intervals of divergence instability zone, it

could be readily found that the moving nanobeamwith T 0 = 0, 10, and 20 would be dynamically stable when it moves with
supersonic speeds in the narrow velocity intervals [0.269, 0.272]

√
Eb/ρb, [0.311, 0.314]

√
Eb/ρb, and, [0.346, 0.351]

√
Eb/ρb,

respectively. This brief survey also reveals this fact that the bandwidth of the velocity intervals corresponds to stable traveling
nanobeams after the divergence zones would commonly increase by growing of the pretensioning force.

7. Concluding remarks

Free vibrations and dynamic instability of axially moving nanobeams rested on an elastic bed were studied. In the
framework of the surface elasticity theory of Gurtin–Murdoch, the equations of motion were derived on the basis of the
RBM, TBM, and HOBM by employing Hamilton’s principle. By exploiting the Galerkin-based AMM, the governing PDEs were
reduced to appropriate ODEs for each model. The eigenvalue problems were then solved for natural frequencies under
various levels of the nanobeam’s velocity. The important unstable regions of the moving nanostructure, namely divergence
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and flutter zones, were determined. Given the importance of the subject, the critical flexural and shear divergence velocities
of various modes were obtained both analytically and numerically. The capabilities of the suggested approximate analytical
method were checked by comparing its predicted results with those of the numerical approach, and a reasonably good
agreement was reported. The influence of the nanobeam’s length and diameter, lateral and rotational stiffness of the elastic
bed, residual surface stress, shear strain energy, and pretensioning force on the divergence velocities was displayed and
discussed. For a wide range of the velocity of the moving nanobeam, the roles of the surface energy, nanobeam’s length,
shear deformation, and pretensioning force on natural frequencies as well as divergence and flutter instability of themoving
nanostructure were also examined.
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Appendix B. Stiffness submatrices pertinent to the stationary and purely moving modes of the moving nanobeam
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